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Abstract

In this paperwe presenta new algorithmfor smoothingarbitrary triangle mesheswhile
satisfyingG! boundaryconditions.The algorithmis basedon solving a non-linearfourth
orderpartial differentialequation(PDE) that only dependon intrinsic surfaceproperties
insteadof beingderived from a particularsurfaceparameterizationrlhis continuousPDE
hasa (representation-iregpencert) well-definedsolutionwhich we approximateby our tri-
anglemesh.Hence,changingthe meshcomplity (refinement)or the meshconnectvity
(remeshing)eadsto just anotherdiscretizationof the samesmoothsurface and doesnt
affect the resultinggeometricshapebeyond this. This is typically not true for filter-based
meshsmoothingalgorithms.To simplify the computationwe factorizethe fourth order
PDE into a setof two nestedseconcbrderproblemsthusavoiding the estimationof higher
orderderivatives. Furtheracceleratioris achiezed by applying multigrid techniqueson a
fine-to-coarsdierarchicaimeshrepresentation.

Key words: Discretefairing, Free-Form modeling,PDE method Parameterization
independence

1 Introduction

Although pieceavise polynomialpatchesarestill the dominatingfree-formsurface
representatiom engineeringapplicationsthe useof trianglemeshesasbecome
increasinglyimportant— especiallywith the rising compleity of 3D models.A
generalapproactto generatdree-formsurfacesthatsatisfyaestheticequirements
is surfacefairing where auxiliary degreesof freedomare usedto improve the
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global distribution of curnvature(or optimize ary other quality criterion). For tri-

anglemesheghis type of optimizationhastwo differentaspectsFirst, thetriangle
meshshouldhave outerfairnessi.e. theimaginarysurfacethatis approximatedy
themeshshouldbe optimalwith respecto curvaturedistribution. Additionally, the
meshshouldhave inner fairnesswhich meanghatthedistribution of meshvertices
within the surfaceandthe shapeof the individual facesshouldbe goodaccording
to applicationdependentequirements.

The result of recentmeshfairing algorithmsusually dependson the underlying
meshconnecwity, thus the inner fairnessinfluencesthe resultingouter fairness
in someway and even for the most sophisticatedschemeghereis no guarantee
thatthe surfacesare free of parameterizatiomrtifacts(Fig. 1). A solutionto this
shortcomings to usea fairing algorithmthatis ableto separatehe two fairness
types(Fig. 2). Thisis achievedby usinganouterfairnesaneasurehatis basedon
intrinsic surfacepropertiesonly, i.e. propertieshatdependon the geometryalone.
Unfortunatelyintrinsic fairing is a nonlinearproblem,andwhile the linearfairing
operatorsare highly efficient andin generalmathematicallywell understoodthe
analysisin the non-linearcaseis muchmoredifficult. To the authorsknowledge,
evenfor therathersimplefairing functional

/K% + K3 dA, (1)
A

leadingto aminimal enegy surface(MES), it is still unknovn if a solutionalways
existswithin specificsmoothnesslasses.

In this paperthe separatiorof outerandinner meshfairnessand parameteinde-
pendencés achiezed by usinganouterfairnessconcepthatis basedon a discrete
solutionof anintrinsic PDE. ThePDEwe choosés of fourthorderandleadsto sur
facesof high quality. To speedup the constructiorschemewe factorizethefourth
orderPDEinto two secondrderproblemsanduseahierarchicneshrepresentation
to enablemultigrid techniques.

The paperis organizedasfollows: Section2 reviews relatedwork on meshfairing.
In section3 we presentthe conceptof our intrinsic fairing approach Section4
definesthe notationwe usethroughoutthe paper In section5 and6 we shav how
to discretizethe necessaryntrinsics.Finally, in section7 we presenthe detailsof
our algorithm.

2 Mesh fairing - previous wor k

Mostmeshfairing schemesirebasednlinearoperatorsWhile thisleadsto simple
andfastalgorithmsthereis aseriousconsequencé&.heouterfairnessandtherefore
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Fig. 1. Mesh fairing basedon discretizingthe equationA?f = 0 usingtwo differentlo-

cal parameterizatiostratgies. The boundaryconditionis determinedby 3 cylindersthat
are arrangedsymmetrically a) shavs the original mesh(920 vertices)and b) a reduced
versionwith 118 vertices.In c), d) ande) we seethe resultsif local uniform parameter
ization is assumediIn f) we useda discretizationof a laplacianthat wasderved from a
discreteharmonicmapto fair the originalmesh As we cansee themeshsizeandthelocal
parameterizatiostratgy heavily influencetheresultingsuriacesTherectangulapatchin-

troducedn theoriginal meshleadsto local aswell asglobalshapealistortionsandprevents
asymmetricsolution.

I
i

the shapeof the resultingmeshhighly dependson the chosenparameterization
strat@y. As aconsequenct is not possibleto separatéhe outerandinnerfairness
concepin thiscaself we changeheinnerfairnessstratgly we have to changehe
parameterizatiomndwill thereforealsochangethe outerfairness(seeFig. 1 (d)
and(f)).

Therearetwo typesof fairing algorithms dependingpnwhetherthefairingis based
onthecalculationof awell definedsurfaceor whetherit is basednfiltering oper
ations.

ThestandaragpproacHor fair surfaceconstructions basedntheideato minimize
a fairnesametric, punishingfeatureshat areinconsistenwith the fairnessprinci-
ple of the simplestshape(Burchardet al., 1994). Applied to mesheghis leadsto
thediscretefairing approactproposedy Kobbelt(1997).Besidesof enegy mini-
mization,duringthelastyearsvariousotherlinearmeshfairing schemesave been
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Fig. 2. Our new fairing approachappliedon the exampleshavn in Fig 1. In @), b) andc)
we optimizedtheinnerfairnesswith respecto alocal uniform parameterizationin d), e)
andf) themeshis discreteconformalto the original meshin Fig. 1 a). We canseethatthe
choseninnerfairnessstratgy andthe meshstructurehave only mamginal influenceon the
shape Theinfluenceof the meshsizeis alsomuchsmallerthanin thelinear setting.The
continuity of therefectionlinesin c) indicatesG* continuityatthe boundary

developed.

A very effective methodfor smoothingpolyhedralsurfacess thediscretediffusion
flow (Taubin,1995a) Heretheidealis to iteratively updateeachvertex

g = i + Mg 2)

by addinga displacementectorthatis ascaleddiscretdaplacianAg;. For stability
reasonshescalefactorA hasto satisfyO < A < 1. A diffusionflow thatis uncondi-
tionally stableandhenceenabledarger scalefactorswaspresentedby Desbrunet
al. (1999).

The main purposeof the diffusionflow is to remove the high frequenciesn noisy
meshesSincethe equilibrium surfaceof the flow only enable<C® boundarycon-
ditions, (2) is of only limited usein surfacedesign.To enablesmoothboundary
conditionsonehasto considerdiffusion equationf higherorder Taubin(1995a)
proposedo combinetwo suchsmoothingstepswith positve and negative scale
factorsand developedan algorithmthat enablesvariousinterpolationconstraints.



Anotherideathat enablessmoothboundaryconditionsis to usehigherpowersof
thelaplacianin thediffusionflow. As agoodtrade-of betweerefficiengy andqual-
ity onecanchosethe bilaplacianflow, enablingC! boundaryconditions.

Anothermeshfairing approachs basedntheideato discretizehe PDEapproach
of Bloor andWilson (1990).In (Kobbeltetal., 1998b)it wasproposedo discretize

A% f =0, (3)

whereA is thelaplacianoperatoyto createsurfacessatisfyingprescribed! bound-
ary conditions.This equationresultsif we apply variationalcalculusto the thin
plateenepgy

//f +2f2,+ 12, dxdy

to describehe minimum of thefunctional.

Fairing basedn somekind of diffusionflow andfairingbasednthediscretization
of the PDE (3) thatdescribeghe smoothsolutionaretightly connectegroblems,
since(3) is the equilibrium of the bilaplacianflow. In both casesthe discretiza-
tion of the laplacianplays the centralrole. During the last yearsvariouslinear
discretization®f thelaplacianhave beendeveloped(Taubin,1995a;Kobbeltetal.,
1998b;Desbruretal., 1999;Guslov etal.,1999),differingin how thegeometryof
the meshaffectsthe discretization.The choserdiscretizationdeterminegheinner
meshfairnessput it alsogreatlyinfluencegheshapeof theresultingmesh(Fig. 1).

To make the outer fairnessindependenof the meshparameterizationpther ap-
proachesarebasedon intrinsic surfacepropertiesTheseapproacheteadto non-
linearfairing schemes.

In (WelchandWitkin, 1994)a meshfairing algorithmwaspresentedhat enables
G! boundaryconditionsbasedon theideato minimize the total curvature(1) thus

punishinglarge cunvaturevalues.For anisometricparameterizatiothis approach
coincideswith minimizing thethin plateenegy (3). The necessaryntrinsic curva-

ture valueswereestimatedusinglocal quadraticapproximationsover local planar
parameterizationdlowever, in constellationsvherethe local quadraticapproxi-

mationsarenot uniquelydefined their approachmayleadto stability problems.

An intrinsic diffusionoperatorusinga discretemeancurvatureflow waspresented
by Desbrunret al. (1999),leadingto an excellentnoisereductionalgorithm.While
this fairing algorithmis mainly designedor outerfairnesswithouttangentiakhift,
in (Ohtale etal.,2000)thisalgorithmwascombinedwith aninnerfairnesriterion
that leadsto more regular meshesSincethesealgorithmscorverge to a discrete
minimal surfacesatisfyingH = 0, they only enableC® boundaryconditionsandare



therefore astheirlinearcounterpartsof only limited usein surfacedesign.Again,
the solutionis to usecurvatureflows of higherorder (Brakke, 1992; Hsu et al.,
1992;ChoppandSethian,1999).

In (Schneiderand Kobbelt,2000a)it was proposedo approximatea PDE based
onintrinsicsto createfair meshesvith G boundaryconditionsin the specialcase
wherethemeshe$ave subdvision connectvity. As we will seein thenext section,
our methodshareghe principal ideato solve anintrinsic PDE, but enablesmuch
greaterflexibility .

3 Our fairing concept

We presentfairing algorithmfor arbitrarytrianglemeshesghatenabless! bound-
ary conditions(prescribedverticesandunit normals)andallows usto completely
separateuterandinnerfairnessTo achierethis, theouterfairnessstratay is based
on theideato discretizean intrinsic PDE. Given G informationat the boundary
the PDE definesa smoothsurfacesatisfyingthe constraintsalteringthe meshsize,
theconnecwity ortheinnerfairnessconditiononly producesnotherdiscretization
of thesamesmoothsurfaceandhencdeadsto geometrieshatwill becloseto each
other(Fig. 2).

In practicethis allows usto chooseour innerfairnesriterionfreely. In this paper
we restrictedourselesto two especiallyimportantcasesOne leadsto a regular
meshparameterizatiorthe otherproducesnesheshatareconformallyparameter
izedto a giveninitial polyhedron.The latterinnerfairnessmethodplaysa funda-
mentalrole for fairing of texturedmeshesandin meshediting, sinceit minimizes
local distortions. An otherconsequencis thata coarsemeshalreadyapproximates
the shapeof the smoothsurfacethatis implicitly definedby the PDE, soincreas-
ing themeshsizemainly improvesthe quality of the approximatiomot the quality
of the underlyingshape We exploit this propertyto improve the efficiency of our
constructionalgorithmby usingmultigrid methodgor arbitrarymeshesThe nec-
essarymeshhierarchiesare createdusing the progressie meshrepresentatioms
introducedby Hoppe(1996).

Following the set-uppresentedn (Schneiderand Kobbelt,2000a)to definefair
surfacessatisfying G! boundaryconstraintsthe PDE that determinesour outer
fairnessconceptn this paperns definedas

AgH =0, 4)
which canbe interpretedas surfaceanalogonto the planarequationk” = 0 (the

derivative of the curvaturek is with respectto arc length) leadingto clothoid
splines.HereAg is the Laplace-BeltrambperatorandH the meancurvature.The



PDE only depend®on geometriantrinsicsandis comparatrely simplefor a forth

orderequation Becauseof the meanvalue propertyof the laplaciani,it is guaran-
teedthatthe extremalmeancurvaturevaluesof a solutionof (4) will bereachedat
theborderandthatthereareno local extremain theinterior. Sinceconstanimean
cunvaturesurfacessatisfy this equation,importantbasicshapesas spheresgylin-

dersand minimal surfaceswith H = 0 can be reconstructedAlthough the PDE
we proposecanbe derived asa simplificationof the EulerLagrangeequationre-

sultingfrom MESs(1), thisis afairing techniquein its own right, which therefore
doesnt have to be inferior to the MES approachlin fact, this approacheven has
someadwantagesver MESs,e.qg.it reproducesylinders,while it follows from the
EulerLagrangesquationof (1) thatMESsdo notreproducehatsurfaceclass.This
againis completelyanalogoudo the planarcase.lt is well known, that minimal

enepgy curvesdo notreproducecircles,while a clothoidsplineobviously does.

In (SchneideandKobbelt,2000a)solutionsof (4) wereapproximatedy meshen
the specialcasewherethe meshesave subdvision connectity andthe boundary
verticescould be regularly sampledon a smoothcurve. The constructionscheme
wasbasedntheideato designaninnerfairnessriterionthatpartitionsthesurface
in regularregions.Exploiting this regularity knowledgein advance it waspossible
to assigna local planarparameterizatioto eachvertex. Usingthesedomains the
intrinsic valuescould be approximatedy local quadraticapproximationsthusthe
quality of the discretizationdependon the quality of the estimatedocal planar
parameterizations.

Thealgorithmpresentedh this paperdoesnt have suchlimitations. Therearealso
no restrictionsconcerninghemeshstructureandthe boundaryerticesandwe are
free to choosean inner fairnesscriteria. Neverthelessthe resulting construction
algorithmis fastandcanbe implementeccompactly Insteadof trying to simulate
the continuouscaseusinglocal quadraticapproximationsye usethe discretedata
of our minimizationprocesglirectly.

4 Notation

We partitiontheverticesof ameshM into two classesgenotingthesetof all border
verticeswith Vg(M) andthe setof all verticesin theinterior of M with \; (M). For
eachvertex g; of M let N(qi) bethesetof verticesq; thatareadjacento g; andlet
D(qi) = N(qi) U{q} bethe accordingl-disk.Let Hi = H(q;) denotethe discrete
meancurvatureandri; = fi(q;) thediscreteunit normalvectoratthevertex g;. When
it is clearwhich meancurvaturevalueor normalvectoris meant,n somecasesve
omit theindex to increasdahereadability



q aj 9+1
Fig. 3. TheLaplace-Beltramoperatoratthe vertex g; canbediscretizedusingD(q;).

5 Discretization of the L aplace-Beltrami operator

The discretizationrelies on the fact that thereis a tight connectionbetweenthe
Laplace-BeltramoperatoAg andthemeancurvaturenormalof asurface.ln (Des-
brun et al., 2000) also an improved discretizationcan be found that usesa more
detailedareacalculationbasedon voronoiregions,but thefollowing discretization
is sufiicientfor ourneedsLet f : R? — R3 beaparameterizatioof a surface then
it is well known thatthefollowing equationholds

Agf = 2HM.

Exploiting this relation,a discretizatiorof Ag follows directly from the meancur-
vatureflow approachfor arbitrary mesheghat was presentedoy Desbrunet al.
(1999).They shovedthatthe meancurvaturenormalat a vertex q; of a triangular
meshM canbediscretizedusingits 1-neighborhoodby

3
Hi = A | Z | (cotaj+cotf;)(dj — o), ()
q;€N(ai)

whereA is the sumof the triangle areasof the 1-disk at g; andaj andf; arethe
triangleanglesasshavnin figure 3. Sincetheverticescanbeinterpretecassample
pointsof asmoothsurfaceparameterizetly f andexploiting thefactthatascaling
factordoesnot influencethe result,we candiscretizethe equationAgH = 0 ata
vertex g; as

(cotaj+cotfBj)(Hi—Hj) = 0.

ajeN(ai)

If this equationis satisfiedat all innerverticesq; € V;(M) andif we furtherknow
all meancurvaturevaluesfor theboundaryverticesVg(M), thisleadsusto asparse



linearsystemin theunknovnsH; € Vi (M), whosematrix S hasthe coeficients

S= Y (cotaj+cotB). ©)
djeN(ai)

S, = —(cotaj+cotBj) : q; €N(G)NVi(M) -

0 . otherwise.

Thematrix Sis symmetricand— aslong asno triangleareasof the meshM vanish
— positive definite. To seethis, we notethat S alsoappearsn a paperby Pinkall
and Polthier (1993), where a stable constructionalgorithm for discreteminimal
surfaceshasedntheideato minimizethediscreteDirichlet enegy of ameshwas
presentedHence for anelegantproof of the mathematicastructureof this matrix
we canreferto this paper It shouldbe mentionedhat S furtherappearsn a paper
aboutpiecaviselinearharmonicfunctions(Duchampetal., 1997).

6 Discretization of the mean curvature

In this sectionwe presenta discretizationof the meancurvatureH; at a vertex g
thatdepend®n theverticesin alocal neighborhoodTherearevarioustechniques
to discretizesurfacecurvaturesput to beapplicablefor our constructioralgorithm,
it is importantthat— for a given meshconnectvity — the discretizationof H; is a
continuoudunctionof thosevertices.

Notall curvaturediscretizatiorschemesatisfythis property In (WelchandWitkin,
1994) it was proposedto discretizecunature information using local quadratic
leastsquareapproximatiorover local planarparameterizationslowever, it is well
known that leastsquareapproximationfails, if the pointsin the parameterization
planelie on a curve of degree2. To be ableto detectsuchcasesthe authorsesti-
matedthe conditionnumberof theleastsquareproblemin the FrobeniusNormand
reducedhe numberof the basisfunctionsif the problemwasill-conditioned.This
approachs notonly costly, but makesthediscretizatiorprocessliscontinuousand
thusleadsto a potentialinstability in the meshfairing algorithm.

To avoid analogousstability problems,jn thefollowing we proposea meancurva-
turediscretizatiortechniquethatsatisfieghe continuity criterion. Moreover, aswe
will shaw in section7.2,the presentedchemehasotherfavorablepropertieshat
simplify the constructiorprocess.

At first glance,it seemgemptingto useequation(5) to discretizethe meancur-
vature,but this would only be applicablefor inner vertices.However, in our con-
structionalgorithmpresentedaterin section7, we have to beableto discretizethe



meancurvaturenot only for inner vertices,but alsofor boundaryvertices,where
we have a completelydifferentsituation.Dueto the boundaryconstraintsherewe

alreadyknow the tangentplaneof the final surface,but we don't have a complete
1-disk. To avoid having meancurvaturediscretizationf differentaccurag, we

chooseonetechniquehatis ableto handlebothcasessoour methodexpectsthata

tangentplaneis known at every vertex. At interior verticeswhereno normalvector

is known in advance we defineit to bethenormalizedsumof thevectorcrossprod-
uctsof theincidenttrianglefaces,jn orderto minimize squareoot operations.

Fig. 4. Left: Projectingthe neighborhoof g; ontothe planedefinedby i andnormalizing
theresultswe getthe normalcunaturedirectionsfj. Right: Thenormalcurvaturek; along
the directionf; is discretizedby interpolatingg andg; with acircle andusingtheinverse
of the circle radiusr asnormalcurvature.The centerof the circle lies on the line defined
by g andni.

6.1 Moretonand Sequin’s curvature discretizationalgorithm

A cunaturediscretizationalgorithmthat seemsdeal for our needswaspresented
by Moretonand Séquin (1992). The ideaof their approachis to usethe factthat
the normalcunaturedistribution cannotbe arbitrary but is determineddy Euler’s
theorem(doCarmo,1993).

Let by andBy be anarbitraryorthonormabasisof the planedefinedby the normal
fi. To eachvertex gj € N(g;) we canassigna unit directionvectort; by projecting
q; into the planeandscalingthis projectionto unit length.For eachg; we cannow
estimatea normalcurvaturek; astheinverseof the circle radiusdefinedby g, g

andt; (Fig. 4)

, (a-als)

: (8)
<Qj—Qi‘Qj—Qi>

Kj=

Using Euler’s theorem,we can expressthe normal curvaturek,, for a directiont
by the principal curvaturesk; andk, andthe principal curvaturedirectionsg; and

10



&. Let ty andt, be the coordinatesf T in the basishy, by andlet e ande, bethe
coordinate®f &, thenthenormalcurvaturecanbe expresseds

o= (1) ()

with

~1
Q(ey-K10.Q<Gy

—8 & 0 K2 —8 &

K=

The idea of Moreton and Séquinis to usethe normal curvaturesk; to createa
linear systemand find estimatesfor the unknavn principal curvature valuesby
determiningthe leastsquaresolution.Let tj x andt; y denotethe coordinatef fj
andlet m bethevalenceof g;, thenwe getby evaluating(9)

AX=Db
where
2y iy ty K1
2. toytoy t2 . Ko
A— 2,X XY 2y 7 b —
| tr2n,x tm,Xtm,y tr2n,y ] | |~(m ]
and

X0 e2K1+ €5Ko
= | 2e8y(K1—K2)

X2 &Ko+ e§K1

x|
I
X
1\

Sincexp + X2 = K1 + K2 this meanghe meancurvatureis determinedy

H= %(Xo +X2). (10)

In our casethe mostefficient methodto solve theleastsquareproblemis to usethe
normalequationgapproaci{GolubandVanLoan,1989),sincethis mainlyinvolves

11



to calculatetheinverseof a symmetric3 x 3 matrix. Usingthis approachthe least
squaresolutionX canbe expresseds

X = (A'A)~1AD. (11)

The casesvhenthe matrix A'A becomessingularcanbe detecteddy a simplecri-
terion:

Lemmal TheMatrix AAis singularif andonlyif all points(t; x, t y) areintersec-
tion pointsof the unit circle with two straight linesthroughthe origin.

Proof: Sincesingularityof A'A is equivalentwith rank A < 3, singularity occurs
iff any 3 row vectorsof A arelineardependentThereforethe proofis completeif
we shav thata matrix of type

2 2
t1,x t1xtey t1,y
2 2
t2,x t27xt2=y t2,y

2 2
135 Laxtzy t3y

with tiZ’X—Hiz’y = 1is singularif andonly if the treepointslie ontwo linesthrough
theorigin. This matrixis singular if therearecoeficientsa; which arenotall zero
suchthat

tix tixtyy tiy 0
a | t5, | +a2| taxtay [+a3| t5, [=] 0],
t%,x t3,Xt3,y t%,y O

but this meanseachpoint ( x, ti ) liesonacurve thatsatisfiesy x? + apxy+ agy? =
0. Dependingonthe coeficientsa; this equationcharactererizea singlepoint (the
origin) or two linesthroughtheorigin. O

6.2 Singularityhandling

Perhapghe mostobvious strateyy to avoid singularitiesof A'A is to simply check
whetherthe criterion presentedn Lemmal is satisfiedand to apply a special
methodonly to suchcasesearsingularity Suchan approachis straightforvard,
but it canleadto instabilities. A small perturbationof one vertex cantrigger a
specialcasehandlingandthusit could switch the meancurvaturediscretization
method,makingthe procesgliscontinuous.

12



Fig. 5. a) At verticesq; with valence3 or 4, betweerall g;, qj41 € N(q;) thatshareacom-
monedge new verticesp; areintroduced.The p; lie onaplaneE; determinedy qj,qj+1
andthevectorfij; + fij2, wherenij; andnij, arethetrianglenormalsof thefacesadjacento
the edgeq;qj1. b) Approximationof a spiral (planarcurve with monotonenonzerocur
vature)by the areaenclosedy two arcs.c) This approximationalsoproduceseasonable
resultsfor planarcurveswith monotonecurvatureandaninflection point (denotedasl).

An elegantsolutionto this discontinuityproblemis to exploit the connectionbe-
tweenpossiblesingularityof A'A andthe vertex valence Assumingthatall points
(ti x, ti.y) aredistinct,a simpleconsequencef Lemmal is thatthe matrix A'A can
only becomesingular if thevalenceof q; is 3 or 4.

For all verticesof valence3 or 4 we increasehe dataquantitythatsenesasinput
for ouralgorithm.Insteadof enlaging thevertex neighborhood-whichlackssym-
metryif the valenceof the neighborverticesvarieslargely — we increasehelocal
input databy estimatingnew verticesp; betweeradjacenty; € N(q;). The p; and
qg; thensene asinput for the meancurvaturediscretizatiorasdescribedn section
6.1, makingthe problemwell posed.

Simply settingp; = (q; + dj+1)/2 would be fastand corvenient,but suchan ap-
proachdistortstheresultingmeancurvaturediscretizatiorconsiderablyandshould
not be usedif high quality resultshave to be generatedA schemehathasproven
to beadequat@luring our numericalexperimentds basedntheideato determine
pj by samplinga planarcurve with monotonecurvature,thatinterpolateshe ver-
ticesandnormalsat q; andqj1 (Fig. 5 a). Sinceit is not obvious what type of
spiral (or pair of spirals,if thecurve hasaninflectionpoint) is mostpromisingand
the computatiorof suchaninterpolatingcurve canbe expensve, we exploit anice
approximatiompropertyof spirals(MarciniakandPutz,1984):

Giventwo planarpointsq; andg, with tangentvectorst; and®, let s be an arbi-
trary spiralthatsatisfieshis G! interpolationproblem.Let ¢; bethecircle defined
by g1, andf; andc, bethecircle definedby g, g, andf, (suchthatf; andt are
circletangents)Thenthe spirals canbe approximatedy theareaenclosedy the
circulararcsof ¢; andc, betweerny; andgp, if thetangentanglebetweert; andt,
doesnotchangesxceedingly(Fig. 5 b). Thisargumentis alsoreasonabléor planar
curveswith monotonecurvatureandaninflection point (Fig. 5 c).

Thetangentvectorst; andf, arecomputedoy intersectinghetangentplanesatthe
verticesqj anddgj1 (definedby their normalvectors)with the planeE; (Fig. 5 a),

13



wherewe choosdn eachcasethe directionthathasthe smallerangleto the vector
dj+1 — qj- After intersectingthe enclosedareawith the perpendiculabisectorof
g. anddp, we setp; = p to be the centerpoint of the intersectioninterval. Each
circle hastwo intersectionpointswith the perpendiculabisector herewe choose
only thatintersectiorpointthatis closerto theline definedby g; andqp.

7 Construction algorithm

In this sectionwe finally presenthe constructioralgorithmfor ameshMsg thatis a
discretesolutionof equation(4), i.e. it satisfies

AgH(qi) =0 Va €Vi(Ms) (12)

plusanadditionalinnerfairnesriterion. Theinputdatafor our algorithmconsists
of verticesand unit normalsthat form the G! boundarycondition and an initial
meshM? thatinterpolateshe boundaryvertices.The ideaof the constructional-
gorithmis to createa meshsequencé¥ k = 0,1, 2,... by iteratively updatingthe
vertices,until the outerandinnerfairnessconditionsare sufficiently satisfied Al-
thoughin ourimplementatiorthe meshconnecwity variesduringthe construction
algorithm(seesection7.4), let usfirst assumehatonly the positionof thevertices
changeswhile the connectvity remainsconstant.

Onepossiblestratey to transformthe initial meshM? into the solutionMs would
be to usemotion by intrinsic laplacianof curvature (Choppand Sethian,1999),
exploiting the fact that (4) describeshe equilibrium of that flow. Here, for fine
meshewery smalltime stepsareneededo achieve stability andit is hardto decide
whatconcreteime stepvaluesshouldbe usedin anapplication.

To avoid suchproblems,in this paperwe do not usecurvatureflow by the lapla-
cian of curvaturedirectly, insteadwe adaptthe ideaspresentedn (Schneideand
Kobbelt,1999)to our case.In that paperan algorithmfor the fastconstructionof
discreteplanarclothoid splines— the planaranalogonto our problem— was pre-
sented.The key idea of that algorithmwasto factorizethe fourth order problem
into two problemsof secondorder In combinationwith a multigrid schemeand
an iteration stepthat alternatesoetweenocal and global updatestrateyies, an ef-
ficient andreliable algorithmfor the discretizationof planarclothoid splineswas
presented.

14



7.1 Factorization

Insteadof solving a fourth orderproblemdirectly, we factorizeit into two second
order problemswhich are solved sequentially The factorizationideais inspired
by the following obsenation: Given a fixed Laplace-Beltramoperatorand fixed
meancunaturevaluesat the boundaryverticesVig(M¥) of a meshM¥, (12) can
be interpretedasa Dirichlet problemfor the H;, wherethe unknavn scalarmean
cunvaturevaluesattheinnerverticesaredeterminedy anonsingulatinearsystem
with a symmetricand positive definite matrix S whosecoeficientsare definedin
(6) and(7). Solvingtheresultingnonsingulafinear systemyields scalarvaluesH;
atall inner verticesg; € V;(MX), thatrepresena discreteharmonicfunction. The
ideais now to usethis calculatedscalarvaluesH; to updateeachinner vertex g
suchthatH (q}‘“) = Hj, which is againa secondorderproblem.Expressedn two
formulas,this factorizationof MK — M*+1 becomes

. AgHi

- Yakevi(mb.
1. H(GD = |

We determinghelLaplace-Beltramoperatorandtheboundarymeancurvatureval-

uesby calculatingthe accordingvaluesof the currentmeshMX. In practice,it is

not necessaryo solve the Dirichlet problemexactly. Whenwe have determined
thelinear systemwe apply someiterationstepsof aniterative linear solver, using
the currentmeancunaturevaluesasstartingvalues.So onestepto updatea mesh
MK — M**+1 becomes:

e All meancurvaturevaluesH (df) atall verticesof the currentmeshMX arecalcu-
lated,the meancurvaturediscretizatiortechniquedepend®n thevertex valence
asdescribedn section6. Also the discreteLaplace-Beltrambperatoris deter
mined,thatmeanswe calculatethe cotangentveights(6) and(7) for everyinner
vertex.

e Themeancurvaturevaluesattheboundaryandthediscretized_aplace-Beltrami
operatordeterminea Dirichlet problemthatcanbeformulatedasalinearsystem
for the interior meancurvature values.Use the meancurvature valuesat the
interior verticesasinitial valuesanditeratethe linear systemn timesusingan
iterative linear systemsolver.

¢ Thesecondstepresultsin improvedscalarvaluesH; for theinterior verticesand
this scalarvaluesare usedto updateall q}‘ € Vi (MK). The updateis donein a
Gauss-Seiddik e manney that meansadjacentverticesthat have alreadybeen
updatedareusedwith their new position.

While discreteharmonicfunctionsdo notalwayshave to shareall themathematical
propertiesof their continuouscounterpartse.g.the corvex hull property(Pinkall
andPolthier 1993),they will neverthelesapproximateontinuousharmonicfunc-
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tions. This meansour scalarvaluesH; will approximatea function that doesnot
have local extremaand whosemaximal valuesoccur at the boundary so the A,
will behare well andcanbe approximatelypboundedy the currentmeancurvature
valuesattheboundaryvertices.

As in (SchneideandKobbelt,1999),we noticedthatwe canimprove the corver-
gencerate,if we mix high andlow frequeng smoothingstepsFor thatpurposejn
our implementatiorwe usedGauss-Seidedndconjugategradient(GolubandVan
Loan, 1989)iterations.Both schemegnableespeciallyefficient codingif applied
on meshesandbothwould convergefor n — o, sincethe matrix Sis positive defi-
nite. We alternatebetweera meshupdateM* — MKt basedbn Gauss-Seidakith
n = 1 andaconjugatggradientupdatewvheren is choserarger As anoninteractve
criterionto terminatethefairing algorithm,we caniterateuntil | |[AgH || < € atevery
vertex for aprescribec.

7.2 \ertex updates

The innerverticesareupdatem}‘ — q}‘“, usingthe scalarmeancurvaturevalues

Hi resultingfrom theiterative solver describedabove. Theaim of theupdatestepis
to producea nev meshM 1 whosemeancunaturevaluesH (q!‘“) atthevertices
g €V (M"“) arecloserto thecalculatedd; valuesthanthoseof thepreviousmesh
MK. In orderto beableto separatdetweerinnerandouterfairnesswe only allow
thevertex to move alongthe surfacenormalvector This meanswve searcha scalar
valuet suchthat

H(q*t) = FAi with gt = g+ tAi. (13)

If wetake alook atthemeancurvaturediscretizatioralgorithmpresentedh section
6.1, we find that the matrix A doesnot changeif we move ¢g; alongthe normal
vector Soonly theright sideof equation(11) is influencedby sucha motionand
for the normalcurvatureg8) we obtain

(9 -a-[n)
<0|j — i _tﬁ‘qj — i —tﬁ>'

Kj=2

This normal cunaturediscretizationis nonlinearin t, but sincethe positionof g
will not changemuchduring the updatestep,we assumeéhe distancebetweeng;
andq; to remainconstantWith thislinearizationtechniquewe get

, ol L

Q

<CIj—CIi‘Qj—Qi> <CIj_Qi‘QJ_Qi>-
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Usingthis assumptionthe discretizatiorof H (q}‘“) determinedby (10) and(11),
becomes linearfunctionin t. Solvingthis linearequationfor t, we finally update

gkt = gk + tA which approximatelysolves(13).

7.3 Innerfairnesscondition

To controlhow the verticesaredistributedon the surfaceof the solution,for every
innervertex g € V| we assigna generalizedliscretelaplacianA that determines
the local parameterizationf the surface. Assigninga scalarweight A;j to every
dj € N(qi) with theconstrainty ; Aj; = 1, thediscretelaplacianA is definedas

Alg) =—ai+ > Aijdj-
9;€N(ai)

A meshM is saidto satisfytheinnerfairnesscondition,if all A(g;) have vanishing
tangentiacomponentssothattherearescalavaluest; suchthatA(q;) = t;f; for all
g € Vi(M).

We integratetheinnerfairnessconditioninto the constructioralgorithmby includ-
ing it into the updatestepdescribedn section7.2. Insteadof updatingq!‘ — q!‘“
alongtheline gf + tfi;, we updatealongtheline Gk + tf;, wheredk is the projection

of 3 Ajjq;j ontothe planedefinedby gk and;

G = > Aijgj+ <A(qi) ‘ﬁi >ﬁi.
a;€N(ai)

In ourexampleswe usedtwo differentgeneralizedaplacians). If we assuméocal
uniform parameterizationye arrive at a laplacianwith weightsa;; = r—ln wherem
is the valenceof the vertex g;. This laplacianleadsto mesheghat have a regular
vertex distribution onthe surface.However, in someimportantcasesuchakind of
meshparameterizatioms not wanted.For examplein multiresolutionmeshmod-
eling (Kobbeltetal., 1998b;Guslov et al., 1999),onewould like to have a faired
meshthatminimizeslocal distortionswhencomparedo the original meshM©.

For meshedt is usuallynot possibleto geta mapthatis conformalin the sensehat
anglesarepresered,but we canusethefactthatthediscretizatiorof Agf = 0 can
beinterpretedasa discreteharmonicmap(Pinkall andPolthier,1993;Duchampet
al.,1997)andthusapproximates continuousconformalmap.Soto minimizelocal
distortions,we usethe weightsresultingfrom the discretizationof the Laplace-
Beltramioperatorof theoriginalmeshMO. TheweightsAj;j atthevertex g; arethen

17



e Createa progressie meshrepresentationf the given meshandsub-
divide the vertex splitsinto hierarchies
e Solwethefairing problemonthebasemesh
- Createa smoothinitial meshusing an algorithm that can handle
noisymeshes
- Solwveintrinsic fairing problemon the basemesh
e For eachhierarchylevel
- Add verticesof the progressie meshrepresentatiomntil the next
hierarchylevel is reachedasdescribedn section7.4
- Smooththe completemeshon the currenthierarchylevel. Whende-
termining the estimatednew meancurvaturedistribution, alternate
betweerocal andglobaliterative schemes
- local: DeterminetheH; valuesusingoneGauss-Seideteration
andupdatethevertices
- global: Determinethe H; valuesusingn conjugategradientit-
erationgwith diagonalpreconditionerpandupdatethe vertices

Fig. 6. Themultigrid fairing algorithm
givenby

cota; + cotp;

- ,
1 T qenq)(cota + cotB;)

whereaj and; arethetriangleanglesasshavnin figure 3.

Other promising parameterizationsre e. g. the weightedleast squae and the
shape-peservingparameterizationgresentedy Floater(1997). Comparedo the
discreteconformalparameterizatiothey have theadvantageo bebasedn convex
combinationonly.

7.4 Multigrid approac

It is well known, thatthe corvergenceof meshfairing algorithmscanbe dramat-
ically acceleratedf multigrid techniquesreintegratedinto the constructionpro-

cess(Kobbelt,1997;Guslov etal., 1999).In ourimplementatiorwe followedthis
idea.An overview of the algorithmis shown in figure 6. The necessarpierarchy
levels are constructedusing the progressre meshapproach(Hoppe, 1996) with

half-edgecollapsegKobbeltet al., 1998a).However, insteadof reducinga mesh
while trying to keepthe details,we aremoreinterestedn creatinga meshwhose
smallestedgelengthis maximalwhile avoiding distortedtriangles(long triangles
with small inner circle). The numberof hierarchylevels can be specifiedby the
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user A reasonabletrateyy to fix the numberof verticesperhierarchyis exponen-
tial growth.

Our multigrid algorithmexploits the factthata coarsemeshalreadyapproximates
the shapeof the smoothsurfacethatis implicitly definedby the PDE, increasing
themeshsizemainly improvesthesmoothnessf theapproximatiorn(Fig. 2 and8).
Thereforewe startwith the constructiorof adiscretesolutiononthecoarseslevel
of the progressie meshrepresentatiorand then eachsolution on a coarselevel
senesasstartingpoint for theiterationalgorithmon the next finer hierarchylevel.
Betweentwo hierarchylevelswe needa prolongationoperatorthatintroducesew
verticesusingthe vertex split informationof the progressie mesh.Whenaddinga
new vertex gj, we have to take carethatthe outerfairnesss not destrgyed at that
position.Thisis achievedin threestepswherethefirst two stepsaresimilar to the
prolongationoperatomusedin (Guslov etal., 1999):

e Firstwe updatethe meshtopologyandintroduceq; at the positiongivenby its
innerfairnesscriterion

G= > Aijdj
a;€N(qi)

¢ In somecaseghefirst stepis not enoughto avoid triangledistortions therefore
in the secondstepwe further updatethe completel-ring of g;. This meanswe
solvethelocal linearproblemAq, = O for all g, € D(q;).

e Sincethe secondstepdisturbsthe outerfairnesswe finally solve AgH, = 0 for
all g € D(q;) by applyingtheconstructioralgorithmlocally onthe 1-diskD(q).

Our meancurvaturediscretization(section6) aswell asthe updatestep(section
7.2) assumethat the meshis not a noisy surface. Therefore,before startingthe
multigrid algorithmwe first constructat the coarsestevel thelinearsolutionof the
problemA?f = 0 usingthe laplaciandefinedby the choserinnerfairnessriterion
(seeFig. 1 c). We further developedan improved bilaplacianmeshfairing algo-
rithm (Schneideeet al., 2000b)that producesaninitial meshwith superiorquality
thanthoseresultingfrom linear schemesFor sparsemesheswith very irregular
structure this schemas muchbettersuitedto createaninitial mesh(Fig. 7). Later
at eachhierarchylevel our meshis alreadypresmoothedy the multigrid fairing
concept.

7.5 Examplesandremarks

Becauseof the importanceof the discretemeancurvature at the boundaryver
ticesfor the constructionalgorithmandthe fact that at suchpointswe only have
one-sidedvertex information,in our exampleswe calculatedthe meancurvature
at every boundaryvertex usingthe specialcasediscretizatiomasfor innervertices
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Fig. 7. Comparisorof theresultsfrom alinear bilaplacian(left), ourimproved bilaplacian
(middle) and our intrinsic method.In the upperrow the meshhasa regular subdvision
connectiity structureandin thelowerrow it is sparseandhasaveryirregularconnectiity

of valence3 or 4. For coarsemeshesye alsousedthe specialcasehandlingfor
interior verticesof highervalence.

Insteadof updatingqg‘+1 = q{‘ + o with s = 1.0 asdescribedn section7.2,in
practices hasto lie in therange0 < s < 1.0. While s= 1.0 usuallywill work well,
we noticedthatin somerareconstellationst is possiblethatverticescanalternate
betweertwo positions All of ourexamplegpresentedh thispapemwereconstructed
usings=0.9.

Theconformalinnerfairnesss only hardlymoretime consumingo constructhan
the uniform parameterizatiorbut requiresmuchmore memory Herethe original
meshhasto be reconstructedrom the progressie meshrepresentatioparallelto
the fairedmeshto be ableto updatethe necessarygoeficients of the laplacian—
which alsohave to be storedin memory- at every hierarchylevel.

Thelinesof reflectionin our examplepicturesindicateG! continuityat the bound-
ary (continuoudines) andat leastG? continuityin theinterior (smoothlines). As
canbeseenn examples9 and10theboundarydoesnot have to besmoothln such
caseghefixedunit normalinformationatthe boundaryis derivedby averagingthe
adjacentrianglenormalvectorsbeforethe construction.

Theconcepbehindourconstructioralgorithmworksbestfor AgH = 0, but it is not
restrictedo that.We alsoconstructedMESsby solvingtheir EulerLagrangesqua-
tion AgH = —2H(H2 — K) andsurfacessatisfyingAgH = cong. However, these
inhomogenproblemsaremore costly to solve anda stableconstructioralgorithm
is moreinvolved.

In this paperwe assumedhatthe final meshshouldhave a prescribedrertex con-
nectvity. If thisis not the case flipping of edgesshouldbe enabledo avoid long
triangles,new verticesmay be introducedwherenecessaryr removedwherethe
vertex densitybecomedoo high (seeHsuetal., 1992;WelchandWitkin, 1994).
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Tablel
Runningtimesof theintrinsic fairing algorithm

Dataset Vertices Triangles Vertices Time
completemesh completemesh basemesh sec.
cylinderblend 920 1746 140 19
bustface 2926 5720 256 12
humanear 4665 9220 248 21
tetrathing 13308 26624 308 57
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Fig. 8. 6 circlesareusedto defineatetrathing. a) andb) shawv the solutionof a meshwith
500resp.13308vertices.c) shavsthereflectionlinesof themeshb). Dueto thesymmetric
constellatiorthefinal smoothsolutionwould be G? continuous.

(b)

Fig. 9. Featuraemoval of ameshwith userdefinedboundarycune.
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All shadedicturesareflat shadedo enhancehefacetingeffect. The construction
algorithmwasimplementedn Java 1.3 andJava 3D for Windows NT runningona
Pentiumlll with 500MHz. We noticedthatour fairing algorithmis very fastfor a
fairing approacthasedn intrinsics. Therunningtimesfor the examplesshovn in
this paperarepresentedn table 1, they do notincludethetime neededo build the
progressie meshrepresentationAn optimizedC implementationwvould improve
thesetimingswithout doubt.

8 Conclusion and future work

The techniquewe presentedn this papershows thatit is possibleto usehigher
orderintrinsic PDEsin modelingbasedon irregular meshesSincethe surfaceis

completelydefinedby G! boundaryconditionsanda PDE, the designerdoesnot

haveto take surfaceparameterizatioor theactualmeshrepresentatiomto account
andcanfreely distributetheverticeson the surface.

Oneof ourfuture plansis to integratethe presentedechniquan a multiresolution
meshmodelingtool asthosedescribedn (Kobbeltetal., 1998b).Althoughthenew
constructiomalgorithmis obviously slower thanthe simplelinearfairing algorithm
usedthere,basedon the resultswe got from our currentimplementationjt seems
possibleto achieve interactve framerateswith a decentmeshcompleity. In com-
binationwith aninnerfairnesscriterionthatenabledocal shapepreseration, this
would leadto amuchsimplerdetailcoding.Becausef theintrinsic surfacedefini-
tion, thiswould alsosimplify ameshmodelingthatdoesnotfix the connecwity or
themeshsizeduringthe modifications.

We will also explore other curvature and updatealgorithmsand study different
intrinsic PDEsto introducenew designfreedomsFurthermoreit will benecessary
to integratesurfaceconstraintsn theinterior of the surfacesuchasinterpolationof
points,which might requirePDEsof higherordet
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Fig. 10. Herewe smoothedhe faceof a bustmodelshowvn in a). The triangulationof the
solutionin this exampleis discreteconformalto theinitial mesh.
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