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Convergence of subdivision and degree elevation

Hartmut Prautzsch and Leif Kobbelt
Fakultdt fiir Informatik, Universitdt Karlsruhe, 76128 Karlsruhe, Germany

This paper presents a short, simple, and general proof showing that the control
polygons generated by subdivision and degree elevation converge to the underlying
splines, box-splines, or multivariate Bézier polynomials, respectively. The proof is
based only on a Taylor expansion. Then the results are carried over to rational curves
and surfaces. Finally, an even shorter but as simple proof is presented for the fact that
subdivided Bézier polygons converge to the corresponding curve.

1. Introduction

Subdivision and degree elevation are well-known techniques in computer-
aided curve and surface design. Very briefly, subdivision and degree elevation
mean to represent a curve or surface given as a linear combination of some basis
functions with respect to a different but specific set of new basis functions. The
process of subdivision and degree elevation can be iterated so as to produce a
sequence of so-called control polygons which converges to the underlying curve or
surface.

These techniques are rather useful in a number of applications such as curve
and surface evaluations [1] and display [3, 12], surface/surface intersections [12],
and they can also facilitate simple proofs, e.g. about convexity [19].

The convergence property is well-known and established in a number of
publications by different authors: Farin [8—10], Micchelli et al. [14], Dahmen [6],
Cohen et al. [4], Lane et al. [12], Prautzsch [16, 17], Dahmen et al. [S]. Another proof
of the convergence of subdivision which is quite well known in the CAGD community,
though not published, makes use of the polar form of polynomials [13,20].

One also has similar results for more general subdivision schemes, e.g. [2,18],
and general comer cutting schemes [7,11].

The references mentioned above use about seven different ideas to prove
convergence. However, only two ideas are useful to find the rates of convergence,
but nowhere can one find the convergence constants. Moreover, none of these proof
techniques seem to be applicable to all the algorithms which subdivide or degree
elevate the Bézier, B-, or box spline representation of a curve or surface. In particular,
there is no (correct) proof of the convergence of degree elevated spline control
polygons in these references, cf. section 5.
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In this paper, we will present a general and also rather simple proof technique.
The only prerequisite is a knowledge of Taylor’s expansion. Moreover, we obtain
explicit constants. Then we show how the convergence results for integral curves
and surfaces can be carried over to the rational case. Finally, we present a second,
even shorter proof of the fact that subdivided Bézier polygons converge.

Remark 1

It should be noted that nowhere in this paper do we consider the process of
computing a degree raised or subdivided representation of splines explicitly. Rather,
we consider a fixed spline of degree n in some mth degree representation and
estimate the deviation of the corresponding control points depending on m and the
knot spacing.

The final estimates therefore imply simultaneously that sequences of control
polygons produced either by subdivision or degree elevation for some fixed spline
converge at a certain rate.

2. A simple general idea to prove convergence

In this section, we explain a general method to prove convergence under
subdivision and degree elevation. This is done best by a simple example, namely
for Bézier curves over the unit interval [0, 1]. An arbitrarily small interval is considered
in the next section.

Let B'(x),i=0, ..., m, be the Bemnstein polynomials of degree m and let

p(x) = Y, bB"(x)
i=0

be some polynomial of degree n<m in its mth degree Bemnstein—Bézier repre-
sentation. By induction over n, we will prove that

b — p(;;) = o(l). @.1)

m
For n <1, one has b; = p(i/m) since the Bernstein—Bézier representation has linear
precision. Next, we assume that (2.1) holds for polynomials of degree n— 1. On
writing

max
]

i-1
bi=by+ Y i—[mAbk]

k=0
and applying (2.1) to p’(x) = I"-dmAbBP ! (x), we obtain

b=pO+ Y L [p’ (L) + o(-l_)].

=0 m-1 m
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Leta=k/m,c=k/(m—- 1), and b = (k + 1)/m. Then a < ¢ < b and by Taylor’s theorem
there are numbers & and 7 in [a, b] such that

Pa) = pl) + (@ - oyp'(c) + L= @-9 e,
) 2.2)
p®) = p(©) + (b = ') + L= ),
which gives
(b-a)p’(c) = p(b)— pa) + +(b- a)*E, |E|< r[%)]tlp”l- (2.3)

Thus, one has
i-1
h=pO+ 3, [p (EXL) - p(£) +0 (#)]
= p( ) +0 (;)
which is (2.1).

Note that p**D =0. Hence, a more careful analysis establishes

k 20
be - p(£)| 5 g max| 7| + 5t max| |
+ . ; |p(")|

2(m—n+2) [011

Notice that the constants in the above estimate are not optimal. Moreover, since p
is a polynomial, the remaining term in Taylor’s theorem also is a polynomial. There-
fore, one can write b, — p(k/m) as a rational polynomial of degree 2n—1 in m.

3. Bézier simplices

The proof of the previous section also applies to multivariate polynomials in
Bézier representation. Let i = (iy, ..., ig), u=y, ..., ug),andig=m—i;—...—ig;
then the Bemstein polynomials of degree m are

A=y —-... —-ud)"°u{‘...uz

BP'(u) = PR

Notice that here B; is not represented in the usual symmetric form. Further, let

I,={i€f{0,1,...m%: i=20)
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and consider some polynomial p of degree n < m in its mth degree Bézier repre-

sentation
pw =3, by (4= ").
iel, h

As in the previous section, one can show by induction on n that

max |b; — p(a + hi/m)| < E,, 3.n

iel,,
where E, is recursively defined by
n?
(m— k)
El = O,

Eni D*? + hE, 44,

Dt =Y max{lq)|:0< uum +...+uy <1},
qeQ
Q = {all partial derivatives of p of order k} .

Note that E, = O(h%/m).

For n =1, one has b; = p(a + hi/m). Then for the induction, we assume that
(3.1) holds for all polynomials of degree n— 1 and derive (3.1) for p of degree n.
Leti€l, and a=i;+...+is Then consider a sequence jo=0, ji,...,j,=1,
where all differences Aj, equal some unit vector (0,...,0,1,0,...,0). The vertices

marked in fig. 1 form such a sequence, where m=7 and d = 2.
On using the abbreviation a, = b;,, one has

a-1 him
b, =ay + —|—Aq |.
; = Ao ,E'o m [ ) ak]
Note that mAa,/h represents the control point c;, of the directional derivative

pi(u) = %p(u +tAjlimo = 3 B w).

iEIm-l

Therefore, if one applies the induction hypothesis to these derivatives one obtains

a-1 .
b = p(a)+ Y, [ip;((a+h ——JL—)+ £F],
i=o Lm m-—1 m

where
|F| < E,;.
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U2

m

ig U1
1 2 m—1 m
Figure 1. A sequence (ji).
Notice that j,/(m — 1) lies in the interval [, jy + (1, 1, . .., 1)]/m. Thus, by successive

applications of Taylor’s theorem, we obtain

a-1 . .
Jk+1 Jk) h
b = + +h - +h =|+G+ —F|,
\ = pla) Eo[p(a m) plavht)sGsd ]
where
|G|s—f"2 D?
m ’
which proves (3.1).

4, Splines

The proof of section 2 can also be used to show convergence under degree
elevation and subdivision for splines. Let (¥;);cz be a non-decreasing sequence of
knots such that ; < u;, .1 and let B be the B-spline of order m + 1 defined by the
knots u;, ..., U;,m+1- Then consider the spline

s(x) = Y b;BM(x)
ieZ

of some degree n< m. We assume that this representation of s is generated by
degree elevation, see e.g. [15], from the nth degree representation. Hence, each knot
u; occurs with multiplicity m—n + 1 at least.
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Let

1
& = g Wit Tt Ui m);
then one can prove by induction over n that

max Ibt - s(él)l < En’ (41)
0<ism

where E, is recursively defined by

_ (n=bh? *+2) () + (n — k)hE
2(m - k) 1sis2m-1 u;s‘gg,.ﬂls O+ (n = RE, 1,

E] =0,

En-—k

and h = max2™ '} Auy|. For n < 1, it is well known that b; = s(&,). For the induction,

we assume that (4.1) holds for splines of order n— 1 and derive (4.1) for s of order
n. Considering |b; — s(&;)| we can assume, without loss of generality, that u;,, is
an m-fold knot since, otherwise, one could insert knots at u;,, such that b; and &
remain unchanged. Thus, there is some a < i+ 1 such that

b= lUgr1 = U = S U

This means b, = s(§,). Again, we write
i

b =s5)+ Y, L[Ykak], Ve = —2—,

k=a+1 7k Ueem — Um

and observe that ¥, Vb, represents the control point ¢, of s'(x) = Z’{;lc,-B,f"'l(x).
Thus, on applying (4.1) to s’(x), we obtain

i

bi=sE)+ Y }L[s'(m) +F),

k=a+l

where 7= (1/(m - 1))(ugsy +. .. + U, m—_1) and |F|<E,_;. Since each knot y;
occurs with multiplicity 2m — n+ 1, one has wu;,,— u, < nh. Further, notice that
e € [&_1, &]. Hence, we can proceed as in (2.3) and obtain

b=sE)+ Y [s(&) - s(E1) + —F +Gl,
k+a+1 '}'k
where

2
lGIS%(%h) max |s"(x)].

x€[uy,uym)

Computing the above sum establishes (4.1).
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Remark 2

In order to apply Taylor’s theorem, we need s € CX&,_1, &), k=a+1,...,i.
This is the case since there is no (m — 1)-fold knot in the open interval (&, &)
C (Uir15 Uivm)-

S. A counter example

Before we continue with box splines, we briefly recall the general proof
technique used in most afore-mentioned references and show its limitation.

Consider the linear space spanned by the basis splines Bf',..., B,. Since
norms are equivalent in this space, there is a constant K,, such that for all splines

s(x) = i b;B"(x)

i=0
in this space, one has the stability property
max |b|< K, max |s(x)]|.
0<ism x€[ug upme1]
In order to estimate the deviation of the control points b; from s(x), one can employ
the quasi-interpolant
Os =Y s(&)B".

Then, on using the stability property, one obtains

max |b; — s(§)| < K,, max |s-—QOs|.
0<ism U M2m+1

The more difficult part is to estimate K, and s — Qs. In [21], one finds
h2
K, = 2™ and maxls—Qs|=0(;l— ,

where A is the maximum difference between successive knots. Obviously, the above
estimates alone do not prove convergence under degree elevation.

However, if the B are Bernstein polynomials, there is a solution [14].
In this case, s and Qs are polynomials of some degree n<m. Hence,
bt - sE),....bn — s(Em) is a degree elevated control polygon of s — Qs. It lies
in the convex hull of the non-degree elevated control polygon of s — Os, say ¢y, . . . , Cp.
Thus, one has

max | b — s(&)| < max|c¢;} < K, max|s — Qs| < 0(—’%1—)

As one may expect, this solution does not apply to splines in general. For
example, let (4;) be a sequence of (m— 1)-fold knots such that ug=u; = -1,
Uy=...=Up=0, Up,1=...=Uyy_1 =1, and up, = Uz, = 2, and let
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s(x) = Y, biBI"(x)
ieZ
be the mth degree representation of the parabola s(x) = x2. Then, over [0, 1] one
has

05 = 7 (BF + 1287 + 2B +...+ (m~ "By + (m+17B7),

which is of proper polynomial degree m—1 or m.

The proof given in [4] compares in essence to the lines above, but misses the
problem addressed by our example. It appears to us that until now there has not
been any proof that degree elevation of splines converges linearly.

6. Box splines

After some additional provisions, the proof of section 2 also applies to the
subdivision algorithm of box splines.

LetX = {(x,, ..., X,} denote a family of not necessarily distinct vectors in Z°*
and also the matrix whose columns are x,, .. ., X,. Furthermore, assume that for
each linearly independent subset Y of X, one has detY = +1. Notice that this assumption
implies X < {—1, 0, 1}*. Then the box spline B(x|X) is defined by the requirement
that

Jf(x)B(xIX)dx = [ soo
RS

(0,1

holds for all continuous functions f on R’. Now consider a spline

s(x)= Y bB(x-i]|X).

iez*

Subdividing s(x) means to represent s(x) over the finer grid hZ°, h™! €N, by
translates of the scaled box spline B(x/h[X), i.e. subdivision means to produce
control points c; such that

s(x)= Y cB(x/h-i|X).

ieZ*

LetY={y;,...,¥,} < Xbe suchthat B(x]X\Y) is continuous and piecewise
linear (in every direction). Then, on using the idea of section 3, we can prove by
induction on r that

sup | S&,) - il < E,, 6.1)

ieZ*

where &;=hi+ (W/2)(x; + ...+ x,) and
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— 2
E, = ‘2_("1—'3kl' §Up 2"|bj|+(n—k)E,,_k_1, k=0,...,r—-1,
jez*
E,.,=0.
Recall that

s&) =c

if 5 is piecewise linear in each direction x; €X, i.e. Y=0O.

For the induction, we assume Y, # & and that (6.1) holds if X did not contain
direction y;. Because of possible index shifts, it suffices to consider c; ~ s(§;) for
i=(n/h0,...,0). We may then set the following control points to zero:

b;j=0 forj[1]<0.

This change does not affect ¢; - s(£;), nor does it increase sup,. | b;|. Then we have
co = 5(£p) = 0 for h <2/n. On using the abbreviations ¢, = ¢(,... oy and & = €4 0,...0)»

we obtain
nlh

Ci =C+ ZVck.
k=1

Note that Vc,/h represents the control point dy ... o) Of the directional derivative
of s with respect to the first unit vector

Ds(x) = %s(x+te1)|,=o = Y dBxih-i|X\ {a}).

ieZ*
Thus, on using (6.1) for Ds, we obtain

nlh

ci=co+ Y, (hDs@my) + hF),
k=1

where n = (§_1 + &)/2 and |F| < E,_,. Thus, we can conclude by means of Taylor’s
theorem as in (2.3) that
nlh
¢ = ) (Vs€,)+ G+ hF),
k=1
where
3 3
1IG1< £ sup 1D%s(x)1 < 225 sup (bl
12 xeR* 3 ke2*

Note that 7, is the midpoint of &,_; and &;. If in (2.2) ¢ = (a + b)/2, the
second-order terms in (2.2) agree and (2.3) is a third-order approximation of
(b - a)p’(c). Therefore, the above estimate involves a third-order derivative.
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Remark 3

Note that Ds exists continuously, but D%s may be discontinuous. If Ds()
is discontinuous, then it is discontinuous only in Z. These discontinuities do not
affect the above estimate.

7. Rational splines

The convergence results also hold for rational curves and surfaces, i.e. subdivision
converges quadratically and degree elevation linearly. This can be seen as follows.
Let

2 BibiBi(x) _ 9(x)
2 BiBi(x)  B)

be a rational curve or surface where the B; are either uni- or multivariate Bernstein
polynomials, B- or box splines. Then we can apply (2.1), (3.1), (4.1), or (6.1) to
both the numerator and denominator. The respective convergence results are of the
form

r(x) =

max | Bib; — q(§)|< A
and ’
m‘?x|ﬁi - Bé)l=C.

We will only consider positive weights f3;. Therefore, without loss of generality,
we can assume that all §;2 1. With this provision, it is quite simple to show that
the control points b; converge to the function values r(&;), namely

|b; = r(§) 1 < Bilb; — r(E)]
< | Bibi - qé)1+ 11D |1 BE) - Bil
< A+ max|r(&)|C.

Note that r(x) is bounded over a bounded interval since SB(x) is positive.

8. Another simple proof

Finally, we present another quite different proof for the convergence of
Bézier polygons under subdivision. Let

p) = 3 biwar (£54)

i=0 h

be a polynomial with its Bézier representation over the interval [a, a + &]. Then it
follows directly from de Casteljau’s algorithm that for all j=0,1,...,n
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by(1)

bo(1) = b;(0) bn(1)

Figure 2. De Casteljau’s construction.

J .
bj(h) = Y, b:(DB] (h),

i=0

i.e. bj(h) traces out the curve with Bézier points bo(1), . . . , b;(1) for varying A, as
illustrated in fig. 2. Note that b;(0) = p(a) and bj(0) = ( jin)p’(a). Thus, by Taylor’s
theorem it follows that

bi(h) = p(a + %h) +O(h?).
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