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Abstract

Subdivision is a powerful paradigm for the generation of curves and surfaces. It is easy to implement, compu-
tationally efficient, and useful in a variety of applications because of its intimate connection with multiresolution
analysis. An important task in computer graphics and geometric modeling is the construction of curves that inter-
polate a given set of points and minimize a fairness functional (variational design). In the context of subdivision,
fairing leads to special schemes requiring the solution of a banded linear system at every subdivision step. We
present several examples of such schemes including one that reproduces non-uniform interpolating cubic splines.
Expressing the construction in terms of certain elementary operations we are able to embed variational subdivision
in the lifting framework, a powerful technique to construct wavelet filter banks given a subdivision scheme. This
allows us to extend the traditional lifting scheme for FIR filters to a certain class of IIR filters. Consequently we
show how to build variationally optimal curvesandassociated, stable wavelets in a straightforward fashion. The
algorithms to perform the corresponding decomposition and reconstruction transformations are easy to implement
and efficient enough for interactive applications.

Introduction

A basic component of many algorithms in shape design is the efficient construction of interpolating curves, given
some set of data points. Many techniques have been developed for this purpose [18, 13], the most widely used
ones being based on piecewise polynomials. However, to obtain high quality curves differentiability is usually not
sufficient but optimality with respect to some fairness measure is required as well [3, 26].

Applications such as level of detail rendering [25], data compression, progressive transmission, hierarchical edit-
ing [14], and adaptive numerical solvers [16, 24] require widely varying levels of detail. This makes it desirable
to have multiresolution representations and associated wavelets for parametric curves. In the particular case of
splines, this can be realized through iterative knot insertion and the use of bi-orthogonal spline wavelets, for exam-
ple. However, we are interested in more general subdivision schemes which do not necessarily lead to piecewise
polynomial curves. Specifically, we consider subdivision schemes which minimize a fairness functional under point
interpolation constraints [19].

In this paper we describe a framework which unifies a number of earlier, independent approaches. The resulting
algorithms are based entirely on combining a small set of primitive operations. These can be expressed conveniently
in Wiring Diagrams, which posses immediate and straighforward implementations leading to very efficient com-
putations. Specifically we construct interpolating curves with minimal second and third divided difference energy
using a simple subdivision scheme. This extends earlier work [19] from the uniform to the non-uniform param-
eter setting. In special cases of our construction, interpolating cubic splines and Butterworth half-band filters are
generated. Since the traditional Fourier approach does not apply in the non-uniform parameter setting we require a
general banded system solver. A particularly suitable choice for this purpose is cyclic reduction. A novel aspect of
our approach is the interpretation of cyclic reduction as the repeated splitting of the high-band in a lifting factoriza-
tion of the subdivision algorithm. This observation effectively extends the classical Lifting Scheme from the FIR
filter setting to a class of filters whose inverse is FIR. We exploit this connection to derive and implement a novel set
of stable, bi-orthogonal wavelet bases for variationally optimal subdivision schemes.
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Our emphasis in this paper is on the framework and fundamental algorithms for variationally optimal, non-
uniform, subdivision curve construction in a multiresolution setting. The importance of ideas such as variational
modeling [26, 33, 21], non-uniform parameterizations [13], hierarchical curves [14], and wavelets [16] in computer
graphics applications, has been amply demonstrated by others. So far the previous work has considered these as-
pects individually. Our goal in this paper is to exhibit the simplicity and uniformity of the underlying structures
in all these previous approaches. We argue that they all fit neatly into a common framework in which they can be
exploited synergistically.

The paper is structured in 2 parts. In the first part we begin by fixing our notation and review interpolatory
subdivision schemes both in the uniform and non-uniform setting. Section 1.1 reviews the variational subdivision
setting introduced earlier in [19] and gives a set of examples. We thenextendthese schemes to the non-uniform
setting and conclude the first part with some examples comparing different variational curves with and without
uniform parameterizations.

The goal for the second part of the paper is to build a multiresolution framework for variational subdivision,
i.e., we introduce detail spaces between subdivision levels. We proceed in a number of stages. First we define
a convenient formalism,Wiring Diagrams, to speak about the Lifting Scheme [28] and manipulate lifting steps.
Next we discussCyclic Reductionas the most appropriate technique for solving the linear systems which appear in
variational subdivision. We show how CR can be expressed as a sequence of subband splits and merges applied to the
high-band of a high-pass/low-pass wavelet filter. Using this observation we are able to use the Lifting Scheme, a well
known approach to the construction of finitely supported bi-orthogonal wavelet transforms, in the globally supported
setting demanded by variational subdivision. Thus we can apply additional lifting steps to stabilize, or improve the
condition, of the variational wavelet bases. The result is a multiresolution setting for variational subdivision schemes
in the non-uniform parameterization setting. Because everything is expressed in terms of the small set of primitives
needed in the Lifting Scheme simple and efficient implementation is straightforward. We conclude with non-uniform
Butterworth filtering as an application example and an outlook towards future research.

Part 1: Interpolatory Subdivision Schemes

In this section we review some basic examples of interpolatory subdivision schemes and fix our notation before
moving on to the setting of interpolatoryvariational subdivision.

Definition: An interpolatory subdivision schemeis formally described by an operatorΦ which maps a given
sequence of points (a polygon)P m = [pm

i ] to a refined sequenceP m+1 = [pm+1
i ] with pm+1

2i = pm
i , i.e., the pointspm

i
at levelm are the even numbered points at levelm+ 1, while the odd numbered points,pm+1

2i+1, are newly inserted
inbetween old points (see Figure 1). IteratingΦ, the vertices become more and more dense. In the limit, a curveP ∞
is generated which interpolates the initially given control verticesP 0 = [p0

i ].

New positionsNew verticesOriginal

Figure 1: Interpolatory refinement: Inserting new vertices and smoothing the original shape.

Example The simplest interpolatory scheme ispiecewise linear subdivision. In this case the new points are the
midpoints of the old polygon’s edges. This corresponds to the construction of a linear interpolating polynomial



between two successive verticespm
i andpm

i+1, i.e., the edge itself, and sampling this interpolant halfway between the
old vertices. The resulting subdivision rule is

pm+1
2i+1 := 1

2 (pm
i + pm

i+1) = 1
2 (pm+1

2i + pm+1
2i+2).

The middle of Figure 1 shows one step of this subdivision scheme. Repeating linear subdivision ad infinitum simply
reproduces the original polygon.

Piecewise linear subdivision is merely a split operation. In general, we want to place the new vertices such
that P m+1 is smoother thanP m (right of Figure 1). One way to do this is to increase the order of the polynomial
interpolant in the above example. Consider cubic interpolation which is defined by four interpolatory constraints. To
compute the new vertexpm+1

2i+1 we construct the cubic polynomial interpolating the pointspm
i−1, . . . ,p

m
i+2 and sample

it halfway betweenpm
i andpm

i+1. Assuming a uniform parameterization, the resulting subdivision rule is

pm+1
2i+1 := 1

16 (−pm
i−1 + 9pm

i + 9pm
i+1−pm

i+2). (1)

The coefficients 1
16 (−1,9,9,−1) are well known as the 4-point subdivision mask for the generation of smooth

interpolating curves [9, 11] (see Figure 2 for several steps in this procedure). The boundaries can be handled by a
simple extrapolation procedure. Initially the left boundary, for example, is extended with two extra pointsp0

−1 and
p0
−2 based on the cubic polynomial which interpolatesp0

0, . . . ,p
0
3. Then, when going fromP m to P m+1 the vertex

pm+1
−1 can be computed by (1),pm+1

−2 = pm
−1, andpm

−2 is simply chopped off the sequence.

Figure 2: Refinement through cubic interpolatory subdivision, the so-called “4-point rule.”

General Setting The above schemes are instances of a general construction introduced by Deslauriers and
Dubuc [8]. The 2n+ 2 verticespm

i−n, . . .p
m
i+n+1 define a polynomial of degree 2n+ 1 and the new vertexpm+1

2i+1 is
found by evaluating this polynomial halfway betweenpm

i andpm
i+1. These schemes arestationarysince the same

refinement rule is used at every level (the rules do not depend onm) and they arelocal since the influence of one
initial vertex p0

i on the shape ofP ∞ is restricted to some local neighborhood. More formally, these schemes are
defined by using a finite sequence of weight coefficients[α j ]

r+1
j=−r with ∑ j α j = 1 (affine invariance) to compute new

vertices as

pm+1
2i+1 :=

r+1

∑
j=−r

α j pm
i+ j , (2)

Note that such schemes are alsouniform since theα j do not depend oni. Neglecting the special cases at the
boundaries, both schemes above are uniform. Uniform stationary schemes are thoroughly investigated in [2, 10].

Non-Uniform Subdivision While the curves resulting from uniform stationary schemes are smooth, they are
not as fair as one might wish. The left of Figure 3 shows the curve resulting from applying the 4-point scheme (1) to a
set of points in the plane. It suffers from severe overshoot. Remember that this scheme is derived from localuniform
interpolation. It is well known that the extra degrees of freedom afforded by allowing non-uniform parameterizations
can be used to improve the shape of interpolating curves. Schemes which are derived from a local polynomial



Figure 3: Interpolating curves for the same initial data (hollow dots) using the uniform (left) and a non-uniform
(right) 4-point scheme.

interpolant can easily be generalized to non-uniform parameterizations. Simply associate a parameter valuetm
i with

every pointpm
i and solve the interpolation problem.

The weights of thenon-uniform4-point scheme can be found by evaluating the cubic Lagrange polynomialsLxxxx

which are defined over the knot sequence[tm
i−1, . . . ,t

m
i+2]

tm+1
2i+1 := 1

2 (tm
i + tm

i+1)

pm+1
2i+1 := pm

i−1 L1000(t
m+1
2i+1) + pm

i L0100(t
m+1
2i+1)

+pm
i+1 L0010(t

m+1
2i+1) + pm

i+2 L0001(t
m+1
2i+1).

(3)

HereLu0u1u2u3 is the unique cubic polynomial which takes on the valueuj attm
i+ j−1 for j = 0, . . . ,3. As in the uniform

case, the new vertexpm+1
2i+1 depends on four neighboring old vertices. In the special casetm

i = i 2−m the weights
1
16 (−1,9,9,−1) are reproduced.

A curve generated by (3) is shown on the right of Figure 3 where we used thecentripetalparameterization [23],

i.e.,t0
i+1− t0

i :=
√
‖p0

i+1−p0
i ‖. This technique remedies the overshoot problem. The resulting curve however, while

being analytically smooth (C1) [31], still lacks fairness. To generate curves which are not only differentiable up to
some order but also fair, we now turn our attention to variational subdivision schemes.

1.1 Variational Subdivision Schemes

In many applications continuity of some order is not sufficient to obtain high quality curves. Additionally one also
wants the curve to be “pleasing.” This is often expressed in terms minimizing some physical measure such as strain
energy. In the context of subdivision schemes this approach was considered by Kobbelt [19], who proposed the new
class ofvariational subdivision schemes. The goal of these schemes is to place the new verticespm+1

2i+1 such that
a fairness functional is minimized. As a consequence, the new vertices are not given by explicit rules of the type
described in Equation (2), but instead as the solution of a linear system.

Definition: [19] Variational approaches start with a quadratic fairness (energy) functional

E(P m+1) := ∑
i

K(pm+1
i )2

where
K(pm+1

i ) := ∑
j

β j pm+1
i+ j

is an affinely invariant (∑ j β j = 0) measure of local strain energy. Here, the indicesi and j are understood to range
over all integers for which the associated variablespm+1 are defined. SinceK is a local measure, only finitely many



β j do not vanish. The requirement to place new (odd) vertices such that this functional takes on a minimum, leads
to the corresponding discrete Euler-Lagrange equation

∀i : ∑
j

γ j pm+1
2i+1+ j = 0 (4)

whereγ j = γ− j are the coefficients of the Laurent polynomialγ(z) = β(z)β(z−1) with β(z) = ∑ j β j zj . Defining the
matrixC := [γ j−2i−1]i, j , we rewrite Equation (4) as

C[pm+1
i ] = 0. (5)

Using the even and odd upsampling operators

Ue :=



1 0 0 ...

0 0 0
0 1 0
0 0 0
0 0 1
0 0 0
...

...

 Uo :=



0 0 0 ...

1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
...

...

, (6)

we split a given vector into even and odd components[pm+1
i ] = Ue[pm+1

2i ] +Uo [pm+1
2i+1], i.e, into the known and

unknown vertices at levelm+ 1. Substituting this expression into Equation (5) the matrixC is decomposed into
A := CUo andB := CUe such that

A[pm+1
2i+1] = −B[pm

i ]. (7)

Notice thatA is always square and symmetric. Its regularity follows from mild sufficient conditions on the charac-
teristic Laurent polynomialβ(z) of K. In [19] it is shown thatA has full rank ifβ(z) does not have diametric roots
β(±ω) = 0 on the complex unit circleω = e2π ix.

As shown above, a variational refinement scheme is related to its corresponding Euler-Lagrange-equation by
γ(z) = β(z)β(z−1). On the other hand, using the characteristic Laurent polynomials each (symmetric) linear system
of the type (4) can be factored to find a corresponding variational scheme [19].

Examples of Variational Subdivision Four important examples of variational schemes are the minimization
of

• Second forward differences

K2(pm+1
i ) := 42pm+1

i = pm+1
i −2pm+1

i+1 + pm+1
i+2

with the Euler-Lagrange equation

∀i : pm+1
2i+1−4pm+1

2i+2 + 6pm+1
2i+3−4pm+1

2i+4 + pm+1
2i+5 = 0

⇐⇒

∀i : 44pm+1
2i+1 = 0.

Physically speaking this generates curves which minimize the change in stretch or velocity. Geometrically
the curves have minimal total curvature. In terms of digital filters this scheme is equivalent to the 4th order
Butterworth halfband filter. Butterworth filters are well known in signal processing for their optimal filter
shape [17].



• Third forward differences
K3(pm+1

i ) := 43pm+1
i

with the Euler-Lagrange equation
∀i : 46pm+1

2i = 0.

These curves minimize the change in bending or acceleration. From the geometric point of view this means
minimal variation of curvature or equal distribution of curvature. This scheme implements the discrete 6th

order Butterworth halfband filter.

• The weighted average

Kspl(pm+1
i ) := (1+

√
3)K2(pm+1

i )+ (2+
√

3)K3(pm+1
i ),

with the Euler-Lagrange equation

∀i : 244pm+1
2i+1−46pm+1

2i = 0. (8)

This scheme reproduces the uniformly interpolating cubic splines, i.e., the resulting curves are piecewise cubic
polynomials. See the Appendix for a proof of (8).

• The weighted average
K4pt(pm+1

i ) := (3+
√

3)K2(pm+1
i )+ K3(pm+1

i )

with the Euler-Lagrange equation

∀i : −16pm+1
2i+3 = pm+1

2i −9pm+1
2i+2−9pm+1

2i+4 + pm+1
2i+6

⇐⇒

∀i : 644pm+1
2i+1 +46pm+1

2i = 0.

This scheme coincides with the 4-point rule (Equation (1)), examplifying the fact that interpolatory stationary
subdivision schemes are a proper sub-class of variational schemes.

In the first three cases, the new vertices are obtained by solving a tridiagonal systemA (see Equation (7)). In the
last case, the scheme turns out to be stationary, i.e.,A = I . Using the formalism developed in [20] one can derive
a lower bound for the smoothness of the limit curvesP ∞ generated by these schemes. They areC2 andC4 for the
minimization ofK2 andK3 respectively. The cubic splines resulting from the minimization ofKspl areC2. Since the
minimization ofK4pt reduces to the 4-point scheme, the resulting limit curves areC1 [12].

Non-Uniform Subdivision In the above definition ofE(P m+1), a uniform parameterization of bi-infinite or
closed polygons is assumed (no boundaries). Generalizing to non-uniform parameterizations of finite open polygons
leads to local fairness measuresKi(pm+1

i ) depending on the indexi. Similarly the associated non-uniform Euler-
Lagrange equations

C[pm+1
i ] = 0 (9)

reflect the parameterization. Each row of the banded but no longer Toeplitz matrixC corresponds to the partial
derivative ofE(P m+1) with respect to a newly inserted vertexpm+1

2i+1. Hence, the variational refinement schemes
automatically treat the special cases at the boundaries of open polygons since partial derivatives are well-defined for
all odd-indexed verticespm+1

2i+1 (natural boundary conditions).
The schemes based on the minimization ofK2 (see next paragraph) andK3 are easily generalized to non-uniform

parameterizations by going from forward differences todivideddifferences. The generalization ofK4pt was already
given by Equation (3). GeneralizingKspl to the reproduction of non-uniform cubic splines is slightly more involved
since a piecewise polynomial basis has to be constructed explicitly. The matrixCspl is derived in Appendix A.



Figure 4: Comparison of the curves which minimizeK4pt, K2, Kspl, andK3 (left to right) with uniform (top) and
centripetal (bottom) parameterizations.

Here we limit ourselves to the case of the second divided difference energy. The third divided difference case is
entirely similarly albeit more tedious. Let us assume that each vertexpm+1

i is associated with the parameter value
tm+1
i . The divided difference operators are recursively defined by

[tm+1
i , . . . ,tm+1

i+k ]pm+1
i =

[tm+1
i+1 , . . . ,t

m+1
i+k ]pm+1

i+1 − [tm+1
i , . . . ,tm+1

i−1+k]p
m+1
i

tm+1
i+k − tm+1

i

and the second divided difference energy is

K2(pm+1
i ) =

pm+1
i+2

4tm+1
i+1 (4tm+1

i+1 +4tm+1
i )

−
pm+1

i+1

4tm+1
i+1 4tm+1

i

+
pm+1

i

(4tm+1
i+1 +4tm+1

i )4tm+1
i

.

The partial derivative ofK2(pm+1
j )2 with respect topm+1

2i+1 is h2i+1K2(pm+1
j ) whereh2i+1 is the linear coefficient of

pm+1
2i+1 in K2(pm+1

j )2. Summing theh2i+1 K2(pm+1
j ) for j = 2i−1,2i,2i + 1 gives thei-th row of the Euler-Lagrange

matrixC. The matrix is penta-diagonal and separating the knownpm+1
2i from the unknownpm+1

2i+1 yields a tridiagonal
system with non-constant entries along the diagonals (main, upper, and lower).

Visual Evaluation of the Fairness Figure 4 shows a comparison of the curves resulting from variational
subdivision. Going from left to right the curves minimizeK4pt, K2, Kspl, andK3. The top row uses a uniform param-
eterization while the bottom uses the centripetal parameterization. Note that the computational cost of minimizing
Kspl andK3 is the same, yet the latter appears noticeably fairer. This is verified by looking at the curvature plots of
both curves in Figure 5.

1.2 Summary

In this section we reviewed classic interpolatory subdivision and the recently introduced variational subdivision set-
ting. We extended the latter to the non-uniform parameterization setting. It is well known in the CAGD community



Figure 5: Curvature distribution of the cubic splines (left) compared to min∑K3(pi)
2 – curves (right).

(see for example [18]) that both variational settings and non-uniform settings are very important in practice, giv-
ing a much richer foundation on which to build smooth curves. We gave a simple example hinting at some of the
differences between the different variational energy measures and the effects of non-uniform parameterization.

Clearly the design of particular variational schemes together with the various ways of introducing non-uniform
parameterization is a whole subject worthy of investigation all by itself. Instead of pursuing this direction we con-
tinue with the construction of a multiresolution setting, i.e., the introduction of details into the subdivision process.
Such multiresolution respresentations have already proven themselves to be important for applications (e.g. [14])
and we will show how to build them in a simple and straightforward way in the case of non-uniform variational
subdivision schemes.

Part 2: Wavelets for Variational Subdivision

Overview At this point all we need is a banded linear system solver, for example LU decomposition, and we are
ready to construct variationally optimal interpolating curves. However, we also aim to construct wavelets which are
appropriate for these subdivision curves, i.e., for the underlying scaling functions. Since Fourier techniques cannot
be used in the non-uniform setting we need to use an alternative construction technique which is situated in the
spatial rather than frequency domain. This can be done either through direct inversion of large, sparse linear systems
or, equivalently, but much more elegantly and with more insight through the use of the Lifting Scheme [28].

To have a convenient means to discuss the lifting scheme and exhibit its essential simplicity we begin by de-
scribing thewiring diagram formalism, which is commonly used to describe the manipulation of FIR filter based
bi-orthogonal wavelet transforms [29]. In the lifting scheme each block of the wiring diagram corresponds to an in-
dividual lifting step. These steps can be composed intosequencesto obtain more complex filters. In the notation of
linear algebra each building block is represented by a very simple, special matrix and the composition corresponds to
matrix multiplication. An added benefit of the use of lifting steps and wiring diagrams is that they can be transcribed
literally into very simple and efficient C++ class objects.

Finally, for the banded linear system solver we chooseCyclic Reduction, rather than, for example, LU decom-
position. Cyclic Reduction has the decisive advantage of being expressible entirely in terms of lifting steps as we
will show in Section 2.4. This observation seamlessly integrates variational subdivision into the classical lifting
framework,extendingit from the FIR setting to certain IIR settings. Because of this connection between lifting and
cyclic reduction, we are able to give a straightforward construction of aninitial completion, i.e., functions which
span the space of details between two scales of a multiresolution analysis based on a variational subdivision scheme.
Applying additional lifting steps we show in Section 2.5 how the resulting decompositions can be stabilized.

By way of motiviation we begin with a very simple example of a wiring diagram [29] and its inverse:



Example Figure 6 shows a wiring diagram implementing an interpolatory refinement scheme through lifting. The
points at levelmenter the diagram on the left side. After upsampling, i.e., inserting zeros between the elements, they
are split into even (upper wire) and odd (lower wire). This is done by a splitting T-node. We think of this part as
the input stage to the subdivision scheme. Note that the even wire carries all the vertices from levelm (pm+1

2i = pm
i )

and the odd wire only carries zeros so far. The even values flow unmodified through the subdivision diagram to the
T-node at the right end. This node implements a merge operation, the inverse of splitting. The odd vertices result
from the even values flowing through thePredict Oddbox, Po. It represents the action of computing odd elements
as a weighted average of even elements (usingαi of (2)). The term predict is chosen since interpolation “predicts”
intermediate values between given samples.

odd

Level m+1

merge

even

oP = 1/16(-1,9,9,-1)

SubdivisionInput

splitLevel m
Upsample

Figure 6: Example of a wiring diagram. Points at levelm+ 1 are generated by upsampling levelm followed by a
split into even and odd. The odd locations are then filled in through the action of aPo (“Predict Odd”) box using the
weightsαi (for example, the weights of the 4-point scheme). Finally, even and odd locations are merged.

Wavelet Transforms Given a subdivision wiring diagram there is an immediate way to describe a “wavelet-like”
transform. Recall that a wavelet transform starts at a finer level, saym+ 1, and computes a coarser approximation
at levelm, as well as a set of detail, orwavelet, coefficients. These coefficients encode the difference between the
signal at the finer levelm+1 and its approximation at the coarser levelm. The wiring diagram on the left of Figure 7
has this structure. It is obtained by inverting the diagram on the right which is the subdivision diagram of Figure 6.

In the case of the inverse diagram, coefficients at levelm+1 enter on the left and are split into even and odd. Now
thePo box uses the even values to predict a value at the odd location. Subtracting this prediction we get a wavelet
coefficient, i.e., the difference of the approximation at levelm (even wire) and the original data from levelm+ 1.
Using the output of the wavelet diagram as input to the subdivision diagram, the original sequence is rebuilt. This
time the odd wire does not carry the zeros of upsampling, but rather the wavelet coefficients.

split

Level m+1

Inverse Forward

wavelet coefficients

merge

even

odd

Level m

PoPo

Figure 7: Wiring diagrams are easy to invert. Simply flip left to right and exchange signs. On the left is the inverse
(wavelet) diagram of the (subdivision) wiring diagram on the right.

Discussion As simple as the above example is, it illustrates the basic ideas for the rest of the paper well. Build
the subdivision scheme as a wiring diagram consisting of lifting steps, then invert the diagram to get a corresponding



wavelet transform. Merely flipping the subdivision diagram does not yield a particularly good wavelet transform,1

but it has the correct formal structure. We will see later how to improve the numerical properties of these transforms
(see Section 2.5).

In the above example we could have also used Fourier analysis, or generating functions, to make the same argu-
ment. However, these techniques only work in the uniform, bi-infinite setting, which is much too restrictive for the
settings that appear in graphics applications.

Alternatively, everything in the above example could have been written as the application of a matrix and its
inverse respectively. However, writing it in terms of wiring diagrams it becomes easy to see that in the above
example both the subdivision matrix and its inverse are banded. That the inverse is banded is far from obvious
when considering subdivision as the application of a matrix. In the non-uniform setting this will be even less
obvious. Using wiring diagrams and the lifting scheme, which is the formal basis for their use, finding inverses for
example will be a trivial exercise and properties such as bandedness will be evident. In the next section we put these
observations on a formal basis.

2.3 A Complete Wiring Diagram Toolbox

So far we have only usedPo boxes and split or merge T-nodes in our diagrams. To complete the set of tools we need
to introduce “Predict Even” and “Scale” boxes.

Example Leaving our framework of interpolatory subdivision schemes for a moment, we use cubic splines as
an example of subdivision requiring the additional elements. Figure 8 shows a diagram which implements the well
known algorithm for uniform subdivision of cubic splines [22]

pm+1
2i := 1

8 (pm
i−1 + 6pm

i + pm
i+1)

pm+1
2i+1 := 1

2 (pm
i + pm

i+1).

Pe
merge

1/2

= = 1/2( 1, 1 )

even

odd

oPe PPo

Figure 8: In this example a predict odd boxPo followed by a predict even boxPe, and finally a scale on the even wire
generates (non-interpolating) cubic splines. Due to the Predict Even box, the scheme is no longer interpolatory.

The Toolbox Figure 9 shows the complete set of wiring diagram elements corresponding to elementary lifting
steps. The merging T-node is an implementation ofU := (Ue|Uo) with the upsampling matrices of (6). Accordingly,
the splitting T-node implements its inverseU−1 = UT . Note that the split operatorUT effectively puts all even
elements into the top half and all odd elements into the bottom half of its output vector (lazy wavelet transform [28]).

1The condition number of the associated transform is not uniformly bounded independent of the number of levels over which we perform
it.



With this convention, all other operators correspond to matrices in an obvious way

Po =

(
I 0
A I

)
P−1

o =

(
I 0

−A I

)

Pe =

(
I A
0 I

)
P−1

e =

(
I −A
0 I

)

Se =

(
D 0
0 I

)
S−1

e =

(
D−1 0
0 I

)

So =

(
I 0
0 D

)
S−1

o =

(
I 0
0 D−1

)
.

Each of these operators is a 2×2 block matrix, withA being banded andD diagonal. Putting several wiring diagram
elements together corresponds to multiplying the associated matrices in the same order. Since each wiring diagram
element, or matrix, is trivial to invert or transpose it is easy to invert or transpose whole diagrams: Simply reverse
the order of stages and invert or transpose each stage.

e

Scale OddSplit Merge Predict Odd Predict Even Scale Even

D

D

Po P

Figure 9: All the elements needed to build wiring diagrams for subdivision schemes and wavelet transforms.

As an example, we can write the diagrams of Figures 6 and 8 in matrix notation

P m+1 = U

(
I 0
A I

)(
P m

Q m

)
and

P m+1 = U

(
D 0
0 I

)(
I A
0 I

)(
I 0
A I

)(
P m

Q m

)
respectively. HereQ m denotes the coefficients entering the diagram on the odd wire. In pure subdivision these are
all zero. In wavelet transforms they denote the wavelet coefficients. The matrixA has coefficients12 on the main and
upper diagonal andD = 1

2 I . The inverses of these expressions are easy to write down as well(
P m

Q m

)
=

(
I 0
−A I

)
UT P m+1 and

(
P m

Q m

)
=

(
I 0
−A I

)(
I −A
0 I

)(
D−1 0
0 I

)
UT P m+1.

This scheme of factoring subdivision [5] as well as wavelet transforms [1] is quite general and it can be shown that
any finitely supported wavelet transform can be written as a sequence of lifting steps [7]. Consequently writing a
given subdivision scheme as a wiring diagram immediately gives us access toall associated bi-orthogonal wavelet
transforms [30]. In Section 2.4 we will show that these ideas also apply to the variational schemes of Section 1.1. In
this way we extend the traditional lifting scheme setting from FIR filters, or banded matrices with banded inverses,
to the setting of IIR filters, which are dense inverses of banded matrices.



Non-uniform Setting So far all wiring diagram boxes represent Toeplitz, or convolution operators, i.e., they
apply the same mask of coefficients at every location. However, there is nothing in the wiring diagram which requires
this [29]. For example, we could implement the non-uniform 4-point scheme just as well with the subdivision
diagram shown in Figure 6 by appropriately varying coefficients in the predict odd box. In that case the wiring
diagram boxes will represent general banded matrices with varying entries along the diagonals and off-diagonals.

2.4 Cyclic Reduction

The machinery we have assembled so far can be used to expressanywavelet transform whose primalanddual filters
are finitely supported. Or, in the language of linear algebra, any wavelet transform whose matrix is banded and whose
inverse is banded as well. For variational subdivision this is not yet enough. Recall that in the variational setting
subdivision requires the inversion of a banded system, whose inverse is not banded, but dense. We now require
a general purpose banded linear system solver. There are a number of possible choices for banded linear solvers
whose complexity is linear in the number of unknowns, for example, LU decomposition. Our goal is to choose
a linear solver which can be expressed using only lifting steps, i.e., as the combination of elementary matrices as
given in the previous section. Such a solver has four distinct advantages: (1) all statements made above about easy
inversion and transposition continue to hold in the same straighforward manner; (2) it will extend the lifting scheme
to wavelet transforms with finite filters for the dual basis functions without requiring the primal basis functions to
also have finite support; (3) implementation of multiresolution transforms is greatly aided by using only a small set
of primitives; (4) the simplicity and uniformity common to all these constructions is exhibited using this mechanism,
rather than lost in opaque black box linear system solvers.2

A method for solving banded linear systems which satisfies the goals formulated above is cyclic reduction [15].
In this section we will show how CR can be expressed in terms of the wiring diagrams defined in Section 1.2.

CR solves banded linear systemsAx= b. We refer to the elements ofx by their index and distinguish odd and even
components. This should not be confused with the fact that our systems are Euler-Lagrange systems (Equation (7))
where all the components ofx are odd indexed verticespm+1

2i+1 of a refined polygonP m+1.
CR works fork-banded systems, but we restrict our exposition to the special case of tridiagonal systems. This

covers all the linear systems which arise in the variational schemes of Section 1.1 and simplifies the exposition. As
before, we start with a simple example and proceed to the general situation afterwards.

Example For finite polygonsP m+1 = [pm+1
0 , . . . ,pm+1

2n ], the second forward differencesK2(pm+1
i ) =42pm+1

i are
defined only fori = 0,1, . . . ,2n−2. The minimization of∑i K2(pm+1

i )2 leads to a linear system containing the partial
derivatives with respect to the unknownpm+1

2i+1
5 1
1 6 1

... ... ...
1 6 1

1 5

[pm+1
2i+1] =


2 4

4 4
... ...

4 4
4 2

[pm
i ]. (10)

The basic idea of CR is to eliminate all odd elements of the unknown vector[pm+1
2i+1] to obtain a new system with half

the size. Assuming that we can solve the reduced system for the elements[pm+1
4i+1], the[pm+1

4i+3] can be found through
back substitution. Consider three inner rows of the system in Equation (10)

pm+1
2i+1 + 6pm+1

2i+3 + pm+1
2i+5 = 4pm

i+1 + 4pm
i+2

pm+1
2i+3 + 6pm+1

2i+5 + pm+1
2i+7 = 4pm

i+2 + 4pm
i+3

pm+1
2i+5 + 6pm+1

2i+7 + pm+1
2i+9 = 4pm

i+3 + 4pm
i+4.

2This last point is admittedly more of an æsthetic nature, rather than strictly required.



If we combine these using the weights(−1,6,−1), we obtain

−pm+1
2i+1 + 34pm+1

2i+5−pm+1
2i+9 =

−4pm
i+1 + 20pm

i+2 + 20pm
i+3−4pm

i+4,

eliminatingpm+1
2i+3 andpm+1

2i+7. By applying a similar combination to all even rows (i = 2 j,) we end up with a linear
system in the even unknownspm+1

4i+1 for i = 0, . . . ,bn−1
2 c. To solve the reduced system, we apply CR recursively until

the system is 1×1. Once thepm+1
4i+1 are known, thepm+1

4i+3 can be computed from

pm+1
4i+3 = 4pm

2i+1 + 4pm
2i+2−pm+1

4i+1−pm+1
4i+5.

In matrix notation the CR step is described as the multiplication of Equation (10) on the left with thedn
2e × n

projection operator

R :=


6 −1
−1 6 −1

−1 6 −1
...
−1 6 {− 6

5}

 , (11)

the last element−6
5 existing only ifn is even.

Wiring diagrams as defined above are flexible enough to implement CR. Figure 10 shows a single step of the
algorithm for the system (10). The box denoted(−1,34,−1)−1 needs to be recursively replaced by a CR diagram
with suitable weights.

b

6

(-1,-1)
x

(-1,-1)

(-1,34,-1)
-1

1/6

Figure 10: A wiring diagram for the first step of CR applied to the system (10).

General Setting For general tridiagonal systems with arbitrary right hand side, we have the rows

ui+1pm+1
2i+1 + vi+1pm+1

2i+3 + wi+1pm+1
2i+5 = qi+1

ui+2pm+1
2i+3 + vi+2pm+1

2i+5 + wi+2pm+1
2i+7 = qi+2

ui+3pm+1
2i+5 + vi+3pm+1

2i+7 + wi+3pm+1
2i+9 = qi+3.

To eliminatepm+1
2i+3 andpm+1

2i+7 we use the weights

(−ui+2vi+3, vi+1vi+3, −vi+1wi+2), (12)

and suppress multiplications by zero to handle all special cases at the boundaries, i.e., the first and last row. With the
up-sampling operatorsUe andUo of Equation (6), we apply CR to the general tridiagonal system

Ax = AUexe+ AUoxo = b. (13)

To eliminate the odd components of the vectorx, we choose a projection matrixR according to (12) such that
RAUo = 0 and obtain the reduced system

RAUexe = Rb. (14)



Its solution
xe = (RAUe)

−1Rb (15)

is computed by applying CR recursively. SinceR is a projection, the solutions of (13) are a subset of the solutions
of (14). Hence, ifRAUe is regular, Equation (15) uniquely determines the even components of the solutionx of (13).
Back-substitution into (13),

AUoxo = b−AUexe

and multiplication on the left byUT
o yields

xo = (UT
o AUo)−1(UT

o b−UT
o AUexe). (16)

Wiring Diagram Implementation Formulæ (15) and (16) are implemented as a wiring diagram. The matrix
R is of type (11) but with arbitrary weights and we decomposeRb = RUebe + RUobo where the matrixRUe is
diagonal. Similarly,UT

o AUo is diagonal sinceA is tridiagonal. Figure 11 shows the corresponding diagram. The
(RAUe)

−1 box is replaced recursively by another copy of the basic CR diagram with a projection matrixR′ so that
the odd columns ofRAUe are eliminated, etc.

Expanding the recursion, we obtain a wiring diagramnetworkwith several branches consisting of only the building
blocks of Section 1.2. The property that inversion and transposition of such diagrams is trivial continues to hold.
Further, since the lifting scheme is also expressed in terms of wiring diagrams, we can integrate the whole CR
implementation as a composite component into a larger diagram and use additional lifting steps to obtain stable
bi-orthogonal wavelet bases (see Section 2.5).

b x
A-1 xb

RUe

oRU -U AUT
o e

e

(U AU )T
o

(RAU )
-1

-1
o

Figure 11: A wiring diagram implementation of a single step of the general CR algorithm. The box(RAUe)
−1 at the

top contains recursive CR wiring diagrams. Each scaling box requires one multiplication per value and the predict
boxes require two multiplications and one addition.

Finite Precision Arithmetic If all arithmetic operations are performed without rounding error, the CR recursion
will stop when the linear system is reduced to a scalar equation. However, implementations in finite precision
arithmetic can stop the recursion much earlier without affecting the result.

In the example of minimization of second forward differences, CR starts with the tridiagonal matrixA= tridiag(1,6,1)
and generates a new matrixA′= RAUe= tridiag(−1,34,−1). The next CR step generatesA′′= tridiag(−1,1154,−1)
and, in general, thekth step transformsA(k) = tridiag(−1,vk,−1) into A(k+1) = tridiag(−1,v2

k−2,−1). Consequently
the number of significant digits of the ratio between diagonal and off-diagonal elements is doubled in each CR step.
After a few iterations the matrixA(k) can no longer be distinguished from a diagonal matrix in finite precision arith-
metic. At that point an approximate inverse to within machine epsilon ofA(k) can be computed by simply neglecting
the off-diagonal elements. If we use a floating point representation withr mantissa bitsdlog2 re CR steps are suf-
ficient to compute the answer. A similar, but more involved argument, can be made for the general, non-Toeplitz
setting of (12).

Computational Cost CR not only mimics the binary multi-scale characteristics of subdivision and wavelet
transforms, but it is also very efficient. As seen in Figure 11, the computational complexity of a single CR step is
[⊗3n⊕2n] multiplications and additions per scalar component forn vertices. Accounting for all recursive calls leads



to an overall operations count of[⊗6n⊕4n], which compares favorably with LU decomposition, for example. In the
uniform case this can be reduced to[⊗2n⊕4n] operations by exploiting symmetry.

To obtain the complete wiring diagram for a given variational scheme, we need an initial predict odd box to
compute the right hand side of Equation (7), which is the input for the CR diagram (see Figure 12). The additional
cost is at most[⊗4n⊕3n] ([⊗2n⊕3n] for uniform schemes). Thus the total FLOP-count adds up to[⊗10⊕7] per
output value ([⊗4⊕7] for uniform schemes). By way of comparison we note that the de Boor algorithm for the
evaluation of non-uniform splines requires[⊗12⊕6] per value in the cubic case.

Wavelet Transform Variational Subdivision

-B -B

A A-1

Figure 12: Complete implementation of a variational subdivision scheme as a wiring diagram, together with the
associated wavelet transform. The boxesA andA−1 hide recursive CR subdiagrams.

Discussion In this section we have shown how CR is implemented using only the basic building blocks of
the wiring diagram formalism. In this way we can build wavelet filter banks with the primitives of the lifting
scheme not only in the FIR filter setting, but also in the setting of IIR filters if these arise as inverses of banded
matrices. The latter covers all variational schemes with finitely supported energy measures. Expressing the banded
linear system solver in this way we can immediately leverage the advantages of the lifting scheme for variational
multiresolution settings: (1) easy invertibility in terms of simple elementary steps even in the non-uniform setting;
(2) efficient and straightforward implementation. What we don’t yet have are numerically well behaved wavelet
transforms. However, additional lifting steps can address this issue and are easily incorporated since we are in the
wiring diagram framework. Stabilizing, i.e., improving the condition, of the multiresolution transforms is the subject
of the next section.

2.5 Stable Wavelet Bases

In order to understand the numerical condition of our transforms better we need to examine more closely the under-
lying linear systems. According to Equation (7), the solution of a variational subdivision schemeC[pm+1

i ] = 0 can
be computed as

[pm+1
2i+1] = −A−1B[pm+1

2i ] = −A−1B[pm
i ] (17)

whereA = CUo andB = CUe. Hence, the subdivision matrixΦ mapping[pm
i ] to [pm+1

i ] is given by

Φ := Ue−UoA−1B.

In the context of wavelet decompositions this is the basis transform from them-th scale space to the(m+ 1)-st
scale space. The wavelets enter as a set of functions which describe the additional degrees of freedom when going
from levelm to (m+ 1). In our subdivision wiring diagrams the wavelets “live” on the odd wires. There are many
possible choices of wavelets for a given set of scaling functions. In the lifting frameworkall bi-orthogonal choices
can be described as long as one initial choice is given. This is often referred to as the initial completion [32, 1, 28].
In terms of linear algebra, finding an initial completion is equivalent to asking for a matrixΨ such that the matrix
(Φ|Ψ) is invertible. Posed as a linear algebra question it is not immediately obvious how to find such aΨ. In the
lifting framework it is trivial: simply consider the odd wire of the wiring diagram implementation of the subdivision
scheme. In our case this amounts to

Ψ := UoA−1



(see Figure 12): The detail coefficients entering the diagram on the odd wire flow through the CR block, but not
through the initial predict odd box which computes−B[pm

i ]. The matricesΦ andΨ together build a reconstruction,
or synthesis, matrix

S = (Φ |Ψ) .

The columns of this matrix give the two-scale relations for the primal scaling functions and wavelets respectively.
The inverse is surprisingly simple. It is

S−1 =

(
UT

e

C

)
. (18)

This follows immediately by inverting the subdivision diagram (Figure 12) and transcribing it into a matrix equation.
In the wavelet setting the matrix 2S−T =: (Φ̃ |Ψ̃) plays an important role. It is the dual reconstruction matrix and

its columns give the two-scale relation coefficients for the dual scaling functions and dual wavelets respectively. It is
interesting to notice that although the variational schemes are globally supported (S is a full matrix in general), their
dual scaling functions and wavelets are generated by stationary subdivision schemes.

Just asScontrols the analytic properties of the subdivision limit functions and associated wavelets, so does 2S−T

control the properties of the dual scaling functions and wavelets respectively. For example, if both subdivision
schemesΦ andΦ̃ are convergent we have a complete bi-orthogonal wavelet basis setting. Even though in appli-
cations we may only appear to be working with the primal scaling functions and wavelets, the dual functions enter
in the way we go from a fine function to a coarse function. In this way the properties of the dual functions control
the numerical condition of the transform. Recall that the condition of a linear transform encodes the relationship
between the magnitude of a vector and its transform. If this relationship is not bounded by a constant independent of
the number of levels over which the wavelet transform is applied we say that the transform is not stable. Practically
this means that small errors can get magnified quickly, rendering the transform useless.3 A sufficient condition for
stability of the transform is the continuity of the basic solutions of the corresponding two-scale relations [4]. On the
primal side this is satisfied sinceΦ does generate at least continuous functions for all the examples we considered.
The dual subdivision operator̃Φ = 2Ue has to be modified to bring its condition under control. If it can be achieved
at all, it can be achieved through additional lifting steps, since all bi-orthogonal transforms for a given subdivision
scheme can be found through repeated lifting.

The most natural approach to consider then is to find the lifting with the least support, which ensures a continuous
dual scaling function.

Stabilizing the Basis In the bi-orthogonal setting, additional lifting steps can be used to improve the smoothness
properties ofΦ̃ [28]. The primal synthesis matrixS is replaced by

T := S

(
I −V
0 I

)
= (Φ |Ψ−ΦV), (19)

that is, we add a linear combination of scaling functions to the primal wavelets. Typically one choosesV to increase
the number of vanishing moments of the primal wavelets. This is motivated by the fact that at least 1 vanishing
moment is a necessary condition for stability [6]. Additional vanishing moments on the primal wavelet increase the
approximation order of the dual scaling functions eventually leading to stability. Lifting then changesS−T to

T−T := S−T
(

I −V
0 I

)−T

= S−T
(

I 0
VT I

)
,

that is, the dual scaling functions are modified by adding the same linear combination of dual wavelets.
Translated into wiring diagrams, stabilizing the schemeS through an additional lifting step is equivalent to in-

cluding a predict even boxPe(V) as the first element in the diagram (see Equation (19)). Note that the subdivision
scheme itself is not affected by this modification since for pure subdivision the odd wire carries only zeroes (see
Figure 13).

3Although in some cases the instability is so weak that for all practical purposes no ill effects appear.



Scheme columns ofV
K2

1
64[−3,15,15,−3]T

K3
1

512[−25,105,105,−25]T

Kspl
1

144[−7,31,31,−7]T

K4pt
1
32[−1,9,9,−1]T

Table 1: Lifting weights for variational subdivision schemes leading to stable transforms in the uniform setting.
These weights were computed by considering the first 4 moments of the scaling functions and wavelets and then
combining them in such a way as to ensure 4 vanishing moments on the primal wavelet. Details of this computation
can be found in [27].

Variational SubdivisionWavelet Transform

-B-B VV

-1AA

Figure 13: Implementation of a variational subdivision scheme with an additional lifting step to obtain stability of
the corresponding wavelet decomposition.

The matrixV is usually chosen to be a banded matrix with a minimal number of non-vanishing diagonals. The
coefficients in one column ofV are the weights to linearly combine a primal wavelet with neighboring scaling
functions such that their moments cancel one another. In general this requires the solution of a linear system.
Table 1 shows the resulting weights for our variational schemes. In the non-uniform setting moments are computed
recursively and the weights inPe(V) are based on the solution of a small linear system for eachi (details of these
linear systems are described in [27]).

Remark: The classical theory regarding the stability of the wavelet basis and its connection to vanishing moments
of the wavelets was developed for the uniform setting only [6]. However, numerical experiments performed by the
authors with the correspondingly stabilized non-uniform schemes presented in this paper indicate that the condition
number of the transforms remains bounded just as in the uniform case.
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Figure 14: Scaling functions (solid line) and wavelets (dashed line) in the uniform setting (K2 on the left,K3 on the
right). In both cases the wavelets have 4 vanishing moments.

Examples: Figure 14 shows the wavelets resulting from our construction forK2 andK3 (uniform setting). In
both cases they have 4 vanishing moments. The scaling functions are the impulse response of a 4th and 6th order
Butterworth filter respectively. In contrast to the classical, Fourier based filter setting our construction continues
to work in the non-uniform setting. Figure 15 shows an application of this. From left to right we see successively



Figure 15: Result of applying a wavelet transform to an original finest level curve. Left to right: original curve, and
successively coarser approximations. (UsingK3 with centripetal parameterization and lifting.)

coarser levels of approximation to an initial data set. We are effectively using a generalization of a Butterworth,
bi-orthogonal filter bank in a non-uniform setting.

Conclusion

In this paper we showed how the construction of variationally optimal, interpolating curves can be combined with
the subdivision paradigm. The implementation of variational schemes as a network of lifting steps and the implied
matrix decomposition of the corresponding operator allowed us to derive associated wavelets. We used wiring
diagrams as a formalism to reason about these transforms and showed how the CR algorithm provides the necessary
element to include certain IIR filters in a lifting framework. Applying further lifting steps to these initial transforms
we were able to construct stable wavelet bases in the uniform setting. The subdivision rules are finitely supported in
finite precision arithmetic and can be computed with a low FLOP count. Generalization to the non-uniform setting
is straightforward and leads to curves of high quality. The result is a family of curves which includes interpolating
cubic splines as a special case, and is a proper superset of interpolatory, stationary schemes. Our constructions
make variationally optimal curves and associated wavelets available to any algorithm which exploits multiresolution
representations, e.g., hierarchical editing and compression.

Some questions are particularly interesting for future work:

• So far we can only prove the stability of the variationally optimal wavelet transforms in the uniform setting.
Numerical experiments suggest that the transforms remain stable in the non-uniform parameter setting as well.
Since adaptive and non-uniform constructions are important in applications, a stronger theoretical foundation
would be desirable.

• The application of these ideas to the surface setting is the most exciting avenue. Unfortunately, except for the
trivial tensor-product setting, no 2D generalization of CR is known and it appears unlikely. Other techniques
will have to be employed to create fast solvers for the variational surface setting.
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[27] SCHRÖDER, P., AND SWELDENS, W. Spherical Wavelets: Efficiently Representing Functions on the Sphere.
In Computer Graphics Proceedings, Annual Conference Series, 161–172, 1995.

[28] SWELDENS, W. The lifting scheme: A custom-design construction of biorthogonal wavelets.Appl. Comput.
Harmon. Anal. 3, 2 (1996), 186–200.
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A Euler-Lagrange Equations for non-uniform Interpolating Cubic Splines

We derive the entries of the matrixCspl for the case of non-uniform interpolating cubic splines. As before we define
the parameter values of new intermediate points to betm+1

2i+1 := 1
2 (tm

i + tm
i+1). The resulting parameterization is

piecewise uniform.
To go from P m to P m+1, we have to compute the verticespm+1

2i+1 while pm+1
2i = pm

i are already given by the
interpolation condition. Letsi be the polynomial segments of the cubic spline over the knot sequence[tm

i ] = [tm+1
2i ]

with si−1(tm
i ) = pm

i = si(tm
i ). We represent each segment with respect to a special basis

si(t) =
3

∑
j=0

αi, j bi, j (t)

where

bi,0(t) =
2

(4tm
i )2 (t− tm+1

2i+1)(t− tm+1
2i+2)

bi,1(t) =
4

(4tm
i )2 (t− tm+1

2i )(t− tm+1
2i+2)

bi,2(t) =
2

(4tm
i )2 (t− tm+1

2i )(t− tm+1
2i+1)

bi,3(t) =
2

(4tm
i )3 (t− tm+1

2i )(t− tm+1
2i+1)(t− tm+1

2i+2)



and hence

αi,0 = si(t
m+1
2i ) = pm

i = pm+1
2i αi,1 = si(t

m+1
2i+1) = pm+1

2i+1 αi,2 = si(t
m+1
2i+2) = pm

i+1 = pm+1
2i+2.

The linear system (9) which defines the new verticespm+1
2i+1, is set up by transforming theC2-condition between

successive polynomial segmentssi−1, si , andsi+1, i.e., the conditions

s′i−1(tm
i ) = s′i(t

m
i ), s′′i−1(tm

i ) = s′′i (tm
i ),

s′i(t
m
i+1) = s′i+1(tm

i+1), s′′i (tm
i+1) = s′′i+1(tm

i+1)

can be used to eliminate the coefficientαi,3 and we obtain the resulting system[
−4tm

i
(4tm

i−1+4tm
i )4tm

i−1
,

84tm
i

(4tm
i−1+4tm

i )4tm
i−1
,

4tm
i+1

(4tm
i +4tm

i+1)4tm
i
− 7
4tm

i−1
− 5
4tm

i
,

8
4tm

i

(
3− 4tm

i−1
4tm

i−1+4tm
i
− 4tm

i+1
4tm

i +4tm
i+1

)
,

4tm
i−1

(4tm
i−1+4tm

i )4tm
i
− 7
4tm

i+1
− 5
4tm

i
,

84tm
i

(4tm
i +4tm

i+1)4tm
i+1
,

−4tm
i

(4tm
i +4tm

i+1)4tm
i+1

]
[pm+1

2i−2, . . . ,p
m+1
2i+4]T = 0

(20)

which we have to solve for the unknownpm+1
2i+1. In the first and the last polynomial segment, we replace theC2-

conditions by appropriate boundary conditions. A natural choice is to require vanishing second order derivatives,
s′′0(tm

0 ) = 0. Again by elimination ofα0,3 the first row of the linear system (9) becomes[
4

(4tm
0 )2 + 1

4tm
0 (4tm

0 +4tm
1 ) ,

−
(

8
(4tm

0 )2 + 8
4tm

0 (4tm
0 +4tm

1 )

)
,

4
(4tm

0 )2 + 7
4tm

0 4tm
1
,

−8
(4tm

0 +4tm
1 )4tm

1
,

1
(4tm

0 +4tm
1 )4tm

1

]
[pm+1

0 , . . . ,pm+1
4 ]T = 0.

(21)

and the last row analogously.
Since the piecewise polynomial splines build a refinable space of functions, equations (20) and (21) hold for

every m: By construction, the cubic spline which interpolates the valuespm+1
i over the knot sequence[tm+1

i ] is
identical to the spline which interpolatespm

i over [tm
i ]. Consequently, the resulting limit curve will be the cubic

spline. If we consider the special case of a uniform knot sequencet0
i = i, equation (20) reduces to (8).


