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Abstract

In this paperwe presenta simpletechniqueto approximate
the volume encloseddy a giventriangle meshwith a setof
overlappingellipsoids. This type of geometryrepresenta-
tion allows usto approximatelyreconstrucB8D-shapesrom
a very smallamountof informationbeingtransmitted.The
two centralquestionghatwe addressare: how canwe com-
puteoptimalfitting ellipsoidsthatlie in theinterior of agiven
triangle meshand how do we selectthe most significant
(leastredundant)subsetfrom a huge numberof candidate
ellipsoids.Our majormotivationfor computingellipsoidde-
compositionss therobusttransmissiorof geometricobjects
wheretherecever canreconstructhe 3D-shapesvenif part
of thedatagetslost duringtransmission.

1 Introduction

Today the mostcommonrepresentatiorfior 3D objectsare
polygon meshes.They areflexible enoughto approximate
arbitrary shapesand the compleity of their processingn-
creasedinearly with the numberof polygonsbut is inde-
pendenfrom the structuralor topologicalcomplexity of the
object. Thereis ahugebodyof literatureaboutvarioustech-
niquesfor the generationmodification, storage transmis-
sion,anddisplayof polygonalmodelg[6, 21, 22, 20, 23].
Although polygons,i.e. piecavise linear surfaceshave
approximationpropertiesthat are sufficient for mostgraph-
ics applicationst turnsoutthatrealisticmodelsstill require
up to several millions of triangles. This is why hierarchical
modelsandmultiresolutionrepresentationsave beenintro-
ducedinto computergraphics[9, 11, 20]. The basicobser
vation hereis that a coarseapproximationof a surfacecan
alreadybe obtainedwith a surprisinglysmallnumberof tri-

angleq10, 18, 19]. If we usemoretrianglestheapproxima-
tion getsbetterandbetterbut the efficiency i.e., the quality
gainperpolygonis quickly decreasingProgressie meshes
exploit this effect by storing very coarsebasemesheslus
a sequenc®f refinemenbperationg7, 12, 15]. Any prefix
thetransmittedsequencéhis sequencallowsthereceverto
reconstructan approximationof the original meshand the
representatiolis progressie in the sensehat the mostim-
portantshapefeaturesshav up very early in the sequence
while thebig numberof lessimportantdetailsfollow laterin
thesequence.

Onedrawback of polygon meshes— evenin their hier
archicalor progressie representatior— arethe strict topo-
logical consisteng requirementsif we lose onepercentof
themeshdatathenit mightbecomempossibleto reconstruct
ary partof the surfacefrom the remaining99 percent.This
is mostlydueto thenecessargrossreferencedetweerfaces
andverticesandcanbesolvedonly by introducingahighde-
greeof redundanyg into therepresentationT his obsenation
motivatesthe investigationof robust transmissiorschemes
which allow the recever to reconstrucmostof the geomet-
ric informationevenif acertainpercentagef thedatais lost
duringtransmission.

The key to robust transmissionis to divide the geom-
etry into independenthunksof information (e.g. single
points) which allow the recever to reconstructthe mani-
fold neighborhoodrelation without relying on indexing or
explicit intervertex referencanformation. In orderto avoid
comple algorithmsfor generalsurfacereconstructiorfrom
point cloudson therecever's side,earlierapproacheso ro-
bust transmissiorassumedhat at leastthe global surface
topologycanbe transmittedosslessly{5]. Oncethis coarse
shapeinformation is known, the recever can insert addi-
tional pointsinto the meshbasedon spatial proximity (cf.
Fig. 1 andFig. 2).

In this paperwe wantto extendthis earlierapproachsuch
thatthecoarseshapeanformationcanbetransmittedobustly
aswell. The generalapproachis to approximatethe vol-
umeenclosedy the givenpolygonmeshwith a setof over-
lapping ellipsoids. Theseellipsoidsrepresenindependent
piecesof geometrianformationandeachellipsoiddefinests
own partof the geometry Redundang is introducedby the
factthatthe ellipsoidsoverlapeachother Hencethe over
all shapeandespeciallythe surfacetopologywill notchange



Figurel: In orderto avoid thatthe robusttransmissiorbecomesscomplicatedasthe generakurfacereconstructiorproblem
from point clouds,the sender(who knows the original mesh)providesadditionalinformationto the recevver which simplifies
the reconstructiorn(hintedreconstructiol In this casethe sendemrovidesa coarsebasemeshto corvey the global surface
topology All othermeshverticesaresentwithout any connectvity information. The recever canapproximatelyreconstruct
theorignalshapeby insertingthe verticesinto the meshbasedn spatialproximity.

Figure?2: If in arobusttransmissiorschemeverticesarere-
ceived without any connectvity information, they are sim-
ply insertednto thenearestriangle.In orderto preserethe
meshquality at all stagesevery vertex insertionis followed
by edge-flippingoperationsn orderimprovethevalencebal-
anceor theaspectatio of thetriangles.

if only a few ellipsoidsare missing. The redundang does
not significantlyincreasethe storagerequirementsincean
ellipsoidcanbedefinedwith only 9 scalarwvalues.Thiscorre-
spondgo the storagaequirementsf onevertex in ashared-
vertex trianglemeshrepresentatioh

The paperis organizedasfollows: in the next sectionwe

describehemainstepsof ourrobusttransmissiomprocedure.

Thenwe explain the detailsof our optimal ellipsoid fitting
techniquan Section3. Finally we discusgesultsandfuture
applicationscenariosn Section4.

1Every vertex requires3 coordinatevalues, eachtriangle 3 vertex in-
dices.Sincetherearetwice asmary trianglesasvertices we have 9 values
pervertex.

2 Robust geometry transmission

For robusttransmissiorwe have to guaranteg¢hatwheneaer
a part of the geometryinformationgetslost, the remaining
portionof thedatacanbe usedto reconstruchtleasta good
approximationof the object,i.e., the approximationquality
slowly degradeswith anincreasingpercentagef lost data.
Our basicideais to decompose¢he geometricshapeinto a
setof ellipsoidsrepresentinghe coarseshapeof the object
plusa setof independensamplepointswhich representhe
fine detail.

Theellipsoidsaregenerateduchthatthey completelyfill
outtheinterior of the object,the setof samplepointsis sim-
ply the setof original meshvertices.

Therobusttransmissiomproceduravorksasfollows: First
theellipsoidsaretransmitted Sincethey aregivenimplicitly
by asymmetric4 x 4 matrixQ, normalizedsuchthatx” Qx >
0 for exteriorandx” Qx < 0 for interior pointsx, it is easyto
collecttheir shapanformationin aspatialdistancefield. For
this we definea sufficiently fine spatialgrid of scalarvalues
whichis initialized to +1 everywhere Whenanew ellipsoid
Q is receved, we computeits boundingbox and evaluate
theimplicit functionx” Qx at all the grid-pointswithin that
box. Thegrid valuesareupdatedf the new functionvalueis
smallerthanthe currentgrid value.

When all ellipsoids are receved, we extract the zero-
surfacefrom the spatialscalarfield by applyingthe march-
ing cubesalgorithm[3, 4]. Obviously themethodstill works
evenif someof the ellipsoidsare dropped. The extracted
surfacewill not changeits topology aslong asthe remain-
ing ellipsoidsarestill overlapping.Moreover, if the mutual
overlapis strongenoughthelossof asmallportionof theel-
lipsoidswill notaffectthereconstructedhapesignificantly

Oncewe have generatedninitial meshwe startinserting
the samplepointswhich arethe original meshvertices.The



detailsof this procedureare describedn [5]. All we need
is agoodinitial surfaceapproximatiorandthenmeshrecon-
structionbasedon vertex insertionand edgeflipping works
robustly. To increasehe quality of the final result,we have
to eventuallyeliminatethosemeshverticeswhich have been
generatetby themarchingcubesalgorithmsincethey arenot
partof theoriginal meshgeometry

3 Ellipsoid decomposition

Theproblemof coveringthevolumein theinterior of agiven
polygonmeshis not well-definedsince,obviously, thereare
mary different possibleellipsoid decompositions.Our al-

gorithmis designedo find one candidateamongthis multi-

tudeof decompositionghatis locally optimalwith respecto

shapeprientationanddistribution of the ellipsoids. A local
optimumin this context meanghatwe checkafinite number
of configurationsandsearctfor thebestoneby somegreedy
optimizationscheme.

3.1 Ellipsoid fitting

Fitting ellipsoidsto a givenvolumeis not easy—e&enmuch
simpler problemslike e.g. finding the smallestenclosing
sphereare mathematicallyinvolved [17]. In a first attempt
to fit ellipsoidsto the volumeboundedby a polygonmesh,
onemightpick arandomseecdbointin theinterior, determine
threeorthogonalprincipal axesandthengrow the ellipsoid
alongtheseaxesuntil it touchesthe mesh. However, there
areseveral critical drawbacksin this straightforward proce-
dure.

First, randomdistribution of seedsamplesn the interior
doesnot take the global shapeof the 3D objectinto account.
For exampleif we have alarge corvex shapewith somelong
and thin featurepeekingout (cf. Fig 3) thenthe random
distribution will pick seedpointswith a very high probabil-
ity in the corvex region of the object. Seedsamplesn the
thin featurea very unlikely sincethe relative volumeis too
small. Neverthelesghis small featurecarriesa significant
visualandgeometricainformationandhenceit is moreim-
portantthan an accurateapproximationof the corvex part.
Consequenthjt makesmoresensdo placetherandomseed
pointson the surfaceof the polygonmeshandto grow the
ellipsoidsinto theinterior.

The secondproblemis thatit is almostimpossibleto de-
terminea goodchoicefor the principal directionsat a point
in the interior. For cylindric shapeseg.g.,we would like to
alignoneprincipaldirectionto the cylinder axis. This, how-
ever is difficult to tell for a point lying in the interior of the
mesh. We could usea variantof the medialaxis transform
andlocal distancefield informationto optimizetheprincipal
axis orientationbut estimatingthe medialaxis of a polygon
meshis computationallycomple< andproneto numericaln-
stabilities.

g
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Figure3: A large corvex objectwith a smallfeature. Vol-
umetric randomsampleshit the featurewith a very small
probabilitywhile randomsurfacesamplesaremorelik ely to
hit.

Again, startingthe ellipsoid growth on the boundarysim-
plifiesthesituation:We canstartgrowing anellipsoidfrom a
randompoint p ontheboundaryuntil it touchesanothersur
facepointq. Thengrowth is continuedinto the direction(s)
orthogonatto the axispq until a third pointr is found. Fi-
nally we grow in the orthogonaHlirectionto the planepqr.

3.2 Ellipsoid growth strategy

The ellipsoid growth startingfrom a surfacepoint p is now

describedn moredetail. We begin with the estimationof a
normalvectorny atp. Thisis easyno matterif p liesin the
interior of a triangularface,on anedge,or coincideswith a
vertex of the mesh. We definea sphereQ:(r) with radiusr

whosecenteris ¢; = p +rny suchthatit touchesthe point
p. Thenwe increasehevalueof r until it touchesa second
surfacepointq.

To determinethe optimalr we first computefor eachver-
tex x theradiusr (x) of thespherelefinedby theinterpolation
conditionsx, p andthenormalny

_ _lx=plP
"= 2= py

Thenwe set

Fop = Minr ()| (x— p)Tnp > 0}

After we foundthelargestinscribedsphereQ (r) with the
two contactpointsp andq we continuegrowing in orthogo-
nal directionto theaxispg. For this we re-writethe quadric



Figure4: Left: Ellipsoid growth is impossibleif trianglesinsteadof verticesare testetfor intersection. Middle: Ellipsoid
normaln(qg) andmeshnormalng do nothaveto agree Right: A smalloffsetenablesa significantellipsoid growth.

Qu(r) asa4 x 4 matrix:

1 0 0 —cr[¥
0 1 0 —cr[y]
0 0 1 —c[Z

—aX —clyl —«[d oX2+cly?+c[Zd2—r?

suchthat[x; 1]" Q; [x; 1] = 0 implicitly definesthesphere.

Basedon the normalvectorsnp = c—p andng :=c—q
we defineanothemquadricQ, whichis the productof thetwo
tangentplanesat p andq respectiely.

Q2 (x=p)"np-(@—x)Tng = 0

Again, we re-write Q2 asa 4 x 4 matrix Q2 = (N+NT)/2
whereN is givenas
—np[XIng[X] —np[XIngly] —np[Xng[Z np[x](na a)
—npyinglx —nplynalyl —nplingld  nplyl(ng a)
—Nnp[Zng[x] —np[Z nq[ | —np[Zng[Z] np[z](nq a)
g (npp) nalyl(npp) ngld(npp) —(njp)(nga)

Sinceboth quadricsQ; andQ; aretouchingthetwo points
p andq with the correspondingiormalvectorsn, andng,
thesames truefor all linearcombinationg1, 2]

Qi+0aQ 1)

Hencewe canusethe coeficienta to continuegrowing our
ellipsoid. With increasingvalue a the ellipsoid will stretch
within thewedgedefinedby thetwo tangentplanesatp and
g (cf. Fig5). Aslongasa staysbelon somethresholdog the
resultingquadricwill still be of theellipsoidtype (andnota
paraboloidor hyperboloid). We can checkthe type of the
guadricduring the algorithmby computingthe eigervalues
of the upperleft 3 x 3 sub-matrix: If all threeeigervalues
arepositive, the quadricis of ellipsoidtype. To computethe
optimala we obsenethatanarbitrarypointx lies within the
ellipsoiddefinedby Q; + a Q, if andonly if

X" (Qr+0aQ)x =x"Qix+0ax"Qx < 0

If a is positive,x" Q2x < 0 is a necessargonditionfor x to
lie within Q1 + a Q2 andhencewe find
xT Qqx
XTQox

=1a(x) (2)

Q1+0Q2+BQs3

Figure5: Ellipsoid growth strateyy: Startingout ata single
vertex p (upperleft, ontop of pyramid) the ellipsoid growth

algorithmsearche# normaldirectionfor thebiggestempty
sphereQ; until it touchesthe vertex q (upperright). Next

thespherds extendedo anellipsoid by equation(1) until it

touchesa third pointr (lower left). Thethreecontactpoints
p,q,r determinean ellipse E on the ellipsoid (lower right,

blackline) which senesasprofile curve of the cylinder Qs.

Finally theellipsoidis elongatedalongthe cylinder by equa-
tion (3) until afourth point sis touched(lowerright).

Theoptimala is easilycomputedas
opt = Min{a(x)|x" Qx < 0}

By growing a we eventuallyfind a third touchingpoint
r. In cylindrical partsof the meshmodelthe threepointsp,
g, andr have a high probability of lying in a planewhichis
approximatelyperpendiculato the cylinder axis (cf. Fig 5).
Hencewe canfind acigarshapeditting ellipsoidby growing
into the direction orthogonalto the planespannedy p, q,
andr.



Figure 6: Upperleft: Original horsemodel consistingof about49000vertices. Upperright: Horsemodel reducedto 200

verticesby GarlandandHeckberts errorquadricdecimatioralgorithm[10]. Lowerrow, left to right: Ellipsoid approximations
consistingof 100,200and400ellipsoids(3600,7200and14400bytes)respectiely. Notethemuchimproveddetailcomparing
the 200ellipsoid modelto the memory-wiseequivalent200verticesreducedmodel (7200bytes).

The simplestsolutionwould be to defineanotherquadric
Qs andto grow thecurrentellipsoidby finding themaximum
(3 for which

Q1 +0Q2+BQs3 (3

liescompletelyin theinterior volumeof the meshandis still
of the ellipsoid type. However, asit turnsout, we cannot
usethe sametechniqueas above sincenow we have three
touching points and tangentplanesand theseinterpolation
constraintainiquelydefineasinglequadricsuchthatthereis
no moredegreeof freedom.

We therefore use anotherheuristic to define the third
guadricQs: Let the planethat containsthe threetouching
pointsp, q, andr begivenin parameteri¢orm by

X(uv) = u(@=p)+Vv(r—p)+p. 4)
The intersectionof this planewith the quadricQ := Q; +

0aQ is anellipseE in the (u,v)-parametespace E is given
by a3 x 3 matrix

]
_(a-p r=p p\ 5(a=p r=p p
E‘( o o0 1)Q( 0o o0 1)'

For this ellipsewe canfind the (u, v)-coordinate®f thecen-

ter by solving
u
E|l v | =0
1

andwe find the (u,v)-coordinatedor the two principal axes
andcorrespondingadii by computingthe eigervectorsand
eigervaluesof the upperleft 2 x 2-submatrixof E. Finally
we transformthe center axes,andradii from the (u,v) pa-
rameterspacdanto world coordinatedy using(4).

The above constructiongivesus a planarellipse E in 3-
spacearoundthe centerag with two principalaxesa; anday
andthecorrespondingadiir, andr,. We defineQs to bethe
elliptic cylinder that containse andhasaz = a1 x ap asits
mainaxis. This cylinder containsall pointsx for which the
following equationholds:

[(x—a0)T a1)?
r2 r2
1 2

[(x—a) &) _

We caneasilyfind a 4 x 4 matrix representatiornf Qs by
factoringout the above equation. Oncewe have this repre-
sentationye canproceedheellipsoidgrowing processwith



respecto the f parametein (3) analogouslyto thedetermi-
nationof thea parameter

As we will demonstratén Sectiond, this ellipsoid grow-
ing procedurenducesagoodalignmentof theprincipalaxes
to the mainaxesof theenclosedsolume.

Remark Whenimplementingthe above ellipsoid fitting
procedurethere are somedifficulties which arise from the
fact that polygon meshegdo not have a continuousnormal
field and hencea sphereor ellipsoid cantouchthe meshat
a surface point g while the surfacenormaln(q) andellip-
soid normalng do not necessarilyagree. This canleadto a
locking situationwherethe ellipsoid cannotgrow anymore
althoughsomelocal € modificationwould enablesubstantial
growth (Figure4).

To take this into accountwe modifedthe above construc-
tion slightly in our implementation. Insteadof using the
exacttouchingpointsp, g, andr we usethe pointsp’, ¢/,
andr’ which areobtainedby shifting the original pointsby
somesmall offsete in normaldirectioninto the interior of
the mesh. This provides someadditionalflexibility for the
determinatiorof the coeficientsa andf3.

3.3 Ellipsoid selection

We apply the above constructionto generatean extreme
overrepresentatiomf the interior volume of a given poly-
gonmesh.Sincethecomputatiorof thegrowing ellipsoidsis
quitefastwe can,e.g.,computeafitting ellipsoidfor amod-
eratelycomplex polygon meshby placing a seedpoint on
every vertex. Eventhoughtheseellipsoidswill be strongly
overlappingwe do not increasethe total memoryrequire-
mentsbecauseaswe discussedh theintroduction,acollec-
tion of n ellipsoidsrequiresthe sameamountof storageasa
trianglemeshwith n vertices.

To reducethe redundanyg of the ellipsoid decomposition
we selecthemostsignificantonesfrom the setof candidates
generatedn theinitialization phase For this we usea rather
simple greedyoptimization. We startwith the largestellip-
soid,i.e.,with theellipsoidthathasthelargestvolume.Then
in every stepwe includethat ellipsoid which addsthe most
to the total volume of the overlappingellipsoids. If there
are several ellipsoids contributing approximatelythe same
additionalvolume, we selectthe one that hasthe smallest
minimumradius.

The only computationallyexpensve taskin the ellipsoid
selectionprocesss the computationof the volume contri-
bution of the individual ellipsoids. In every selectionstep
we have the setof earlierincludedellipsoidsEyg, ... ,Ex and
for every new candidatewe have to estimatethe difference
volume

V = Enew \(E2U...UE).

We solvedthis problemby computinganapproximatiorover
a spatial grid of binary voxels. Wheneer an ellipsoid is

addedto the selectionset, we rasterizeit andflag all vox-
elsthe fall insideit ascovered Thenwhenwe testa new
candidatewe alsorasterizeheellipsoidandcountthe num-
berof uncoreredvoxelsto obtainan estimateof the volume
increaseV. This greedycandidateselectionschemes eas-
ily implementeddy a heapdatastructure.All ellipsoidsare
sortedn theheapaccordingo theirvolumecontribution. On
poppinganellipsoidfrom thetop of theheapwe re-calculate
thevolumecontribution of all theintersectingellipsoidsand
retuild the heap. This techniquecan further be improved
by just flaggingthe volume contribution of intersectingel-
lipsoidsasinvalid. Eachtime an elementis moved to the
top of the heap,we checkwhetherits volume contribution
is still valid. If not, we re-calculatehe volumeandrehuild
the heap. Using this “lazy evaluation” techniquekeepsre-
dundantrasterizatiorstepsat a minimum und substantially
speedsip theselectionalgorithm.

4 Results and future work

In this sectionwe demonstratehe effectivenessof our ap-
proachby applyingit to someof the standardholygonmesh
datasetén thegraphicscommmunity

4.1 Ellipsoid decomposition

Figure6 shows the resultsof applyingour algorithmto the

well-known horsemodel. The original meshcontainsabout
49000vertices.In orderto avoid ellipsoid growth beingre-

strictedby the immediateneighboringvertices(1-ring), we

smoothedhe meshin a preprocessingtep. Thenwe ran-

domly selected?500seedverticesandappliedour ellipsoid

growth algorithm(e = 0.1) (seeremarkin section3.2). The

computationof the ellipsoidstook only a few seconds.Fi-

nally we reordedthe ellipsoids accordingto their volume
contributionsusinga100x 100x 100voxel grid asdescribed
in theprevioussection.Thislaststeptookabouthalfanhour,

but notethattheseareoff-line preprocessingimings.

4.2 Robust transmission

Figure7 depictsa typical reconstructiorsequenceFirst the
senertransmitsthe basegeometryandtopologyby sending
a numberof ellipsoids. The client may alreadyrenderthese
ellipsoidsasa first approximationof the final model. Then
theclient extractsatrianglemeshfrom the ellipsoid approx-
imation, by e.g. a marchingcubesalgorithm[3] or by some
kind of shrink-wrappingapproach8]. Becauseof the pre-
smoothingandthe offsete, the resultingmeshwill slightly
shrink comparedto the original mesh. Hencewe have to
adaptthereconstructiorscheman thefollowing way: Each
progressiely receved vertex is first projectedonto the cur-
rentmeshandtheninsertedinto the closesttrianglevia a 1-
to-3 split operation.A local edgeflipping heuristicrestores
a generalizedDelaury-criterion to presere the tesselation



Figure 7: The sequenceabove depictsa typical reconstructiorsequencefrom the ellipsoid model of the bunry (upperleft,
300 ellipsoids)the reconstructioralgorithmextractsa marchingcubesmesh(uppermiddle, 10000vertices). Thefirst chunk
of recevedverticesis projectedontothe meshandtheninsertedinto the mesh(upperright, 5000verticesinserted).After that
thepointsof the marchingcubesneshareremovedby a decimationalgorithm. The remainingverticesareshiftedbackto their
original positions(lower left, 5000vertices). Finally the remainingverticesareinsertedinto the mesh(lower middle, 10000

verticesinsertedjower right 30000verticesinserted).

quality of the mesh. A detaileddescriptionof this scheme
andits efficientimplementatiorusingspacepartitioningcan
befoundin [5].

Sincetheverticesthatwerecreatedy themarchingcubes
steparenot partof theoriginal geometryandthey haveto be
removedassoonasa sufficient numberof otherverticesare
recevvedto maintainthecoarseneshgeometry Theremoval
is doneby a simplemeshdecimationschemetheremaining
verticesarethenshiftedbackto their original positions.Now
the restof the verticescan be insertedas before. Sinceno
inter-vertex/facereferencesirenecessarythis schemss ro-
bustin the sensehata certainpercentagef ellipsoid/vertex
lossis toleratedby thereconstructioralgorithm.

4.3 Future work

We plan a more detailedinvestigationof variousselection

criteria to determinethe optimal ellipsoid decomposition.

Theselectiorhasto guarantesuficientoverlapbetweerthe
ellipsoidsbut on the otherhandit hasto leadto a significant
redundang reduction.

A possibldutureapplicationcouldbetheautomaticshape
recognition.Deriving somestatisticalmeasurefrom the set
of ellipsoids liketheaverageandstandardieviation of ellip-
soidradii andtheirratio couldbe anidentifyerthatis invari-
antundervariousshapemodifications. This will be a topic
of futureresearch.
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